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ABSTRACT 

We present a forcing poset for destroying the stationarity of certain sub- 

sets of P~+. Using this poset along with Prikry forcing techniques 

we establish some consistency results concerning saturated ideals and 

s(~, ~+). 

In troduct ion  

In this paper we present a forcing poset for destroying stationary subsets of 

P~n + where a is strongly inaccessible. We use this forcing poset, along with 

Prikry forcing techniques, to prove a variety of consistency results concerning 

saturated ideals and the set S(n, a+) = {a E P~a+: o.t.(a) = (a N n)+}. 

Previously, Gitik [5] introduced a forcing poset for destroying stationary sub- 

sets of P~n +. He used this poser to construct a model with a non-splitting 

stationary subset of P~n +, that  is, a stationary set S such that  N S  [ S is n +- 

saturated. However, since Gitik's poset is designed only to destroy stationary 

sets contained in a fixed inner model of the universe, its applications are limited. 

Our forcing poset is a modification of Gitik's poset which can destroy stationary 

sets not necessarily contained in the inner model. 

The two main consistency results of the paper can be summarized as 

follows. Assume the existence of a supercompact cardinal. Then the follow- 

ing two statements are consistent: 
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(1) The set S(a,  ~+) is stationary and for almost all a in S(a,  n+), cf(a N ~) 

(2) The ideal N S  [ S(a,  a+) is a+-saturated. We also prove that  (2) is optimal 

in the sense that  whenever N S  [ S is a+-saturated for some set S C_ P~a+, then 

S _C S(a,  ~+) modulo clubs. 

The contents of the paper are as follows. Section 1 outlines notation and 

preliminaries. Section 2 describes some of the forcing posets we use in the 

paper. Section 3 introduces the set S (a , a+) .  Section 4 presents the forcing 

poset for destroying stationary sets. Section 5 describes how to iterate such 

posets over different cardinals using Easton support Prikry iterations. Section 

6 constructs a model using a Prikry iteration in which almost all a in S(a,  ~+) 

have cf(a N ~) = w. Section 7 constructs a model in which N S  [ S(~, ~+) is 

n+-saturated. 

ACKNOWLEDGEMENT: I would like to thank my thesis advisor James 

Cummings for many helpful discussions regarding this material. I would also 

like to thank Moti Gitik for explaining to me certain details from his paper [5]. 

1. P r e l i m i n a r i e s  

We assume that  the reader is familiar with iterated forcing, supercompact car- 

dinals, and Prikry forcing; see [2] and [8]. 

If ~ is regular and ~ _C X,  we define P,~X = {a C_ X: la] < ~,a N ~ C ~}. 
A subset of P~X is c lub  if it is closed under unions of increasing sequences of 

length less than n and is cofinal in P,~X. A set is s t a t i o n a r y  if it intersects 

every club. 

If C is a club subset of P,~X, then there is a function f :  X <~ -~ X such that  

whenever a is in P~X and is closed under f then a is in C. If A is a directed 

subset of C with size less than n then [.J A is in C. 

When we say that  a statement is true for  a l m o s t  all a in P,~X, we mean 

there is a club set whose elements each satisfy the statement. We write A = B 

modulo clubs if there is a club set C such that  A A C = B N C. A function 

f:  P,~X --+ X is r eg r e s s ive  if f (a)  is in a for all a. 

The ideal of non-stationary subsets of P~A for A > n is denoted by NS,~,)~ 
or N S .  If S is stationary then NS,~,~ [ S denotes the ideal generated by the 

elements of NS,~,~ along with the complement of S. 

An ideal on P~A is f ine if it contains the set {a C P~A: ~ ¢ a} for every ~ < A. 

An ideal I is n o r m a l  if for every set S C_ P~A not in I and for every regressive 
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function f :  S -+ A, there is an i < A such that  the set {a C S: f(a) = i} is not 

in I .  

By an u l t r a f i l t e r  on P~A, we always mean a non-principal, fine ultrafilter. 

If I is an ideal on P~A the set I* -- {P~A \ A: A E I} is the d u a l  f i l te r  o f  

I.  The collection o f / - p o s i t i v e  se t s  I + = {A C_ P~A: A ~ I} is a forcing poset 

ordered by A _< B if A \ B is in I.  

An ideal I is p - s a t u r a t e d  if I + is p-c.c. If I = N S  I S for some S then I is 

#-saturated iff there is no family {Si: i < p} of stationary subsets of S such that  

Si N Sj is non-stationary for i < j .  If ~ is weakly inaccessible, a set S C_ P,~n + 
is n o n - s p l i t t i n g  if N S  F S is ~c+-saturated. A set S C_ P ~ +  is non-splitting iff 

there does not exist a parti t ion of S into ~+-many disjoint stationary subsets. 

If I is an ideal on P~A, the poset I + adds a set U which is an ultrafilter on 

the Boolean algebra :P(P~A) v. If M is the ultrapower of V by U in the generic 

extension by I +, M is called the gene r i c  u l t r a p o w e r  and the ultrapower map 

j :  V --+ M is the gene r i c  e m b e d d i n g .  If I is A+-saturated then the generic 

ultrapower M is well-founded and aM C_ M. 

A cardinal ~ is A - s u p e r c o m p a c t  if there is a normal ultrafilter on P~A, 

or equivalently, there is an elementary embedding j :  V -~ M, where M is a 

transitive inner model, such that  c r i t j  = ~, j (~)  > A, and XM C_ M. If U0 and 

U1 are normal fine ultrafilters on P~A we write U0 <~ U1 if U0 is in the ultrapower 

of V by U1. This ordering is called the M i t c h e l l  o r d e r i n g ,  and is well-founded. 

A cardinal ~ is A-strongly compact if there is a fine ultrafilter on P~A. 

The M a g i d o r  o r d e r i n g  on P~A is defined by letting aCb if a C_ b and 

I a] < b N t~. 

We say that  [3~ holds if there is a sequence (ca: a < ~+,(t  limit} such that  

for all limit ordinals a < ~+: 

(1) ca club in a, 

(2) if cf(a) < t¢ then o.t.(ca) < t% 

(3) for all/~ in lim(ca), ca n/~ = c z. 

Similarly, we say that  [3~,<5 holds if there is a sequence (da: a < ~ + , a  limit} 

such that  for all limit ordinals a < ~+, 

(1) da is a non-empty collection of less than 5 many club subsets of a,  

(2) if cf(c~) < ~ then every c in Ca has order type less than ~, 

(3) if c is in Ca then for all/~ in lim(c), c n ~ is in d z. 

If a is a set of ordinals then o.t.(a) is the order type of a, and if o.t.(a) is a 

limit ordinal then cf(a) is cf(o.t.(a)). Note that  of(a) = of(sup a). 

The expression 0 >> ~ means that  0 is larger than 2 21~1~)~ . 
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Suppose that  N is in P~H(O) and N is an elementary substructure of (H(0), E) 

for some regular O >> a. If x is a set in N with size less than a, then x C_ N. 

We denote the class of singular limit ordinals by Sing and the class of regular 

cardinals by Reg. 

If F: ,~<~ -+ ,~ is a partial function and A _C )~, we say that  F is Jonsson for 
A if A is closed under F ,  and whenever B C A is closed under F,  it follows that  

IBI < IAI. 
A standard presentation of the theory of forcing uses pa r t i a l ly  o r d e r e d  sets,  

that  is, orderings which are reflexive, antisymmetric, and transitive. It is well 

known, however, that  this theory does not actually require antisymmetry. For 

example, forcing iterations as presented in [2] are not antisymmetric (i.e. it is 

possible that  q _< p and p <_ q, hut p ~ q). 

Due to the author's treatment of iterated forcing, we use this more general 

theory of forcing. So we define a forc ing  pose t  to be an ordering (]P, <) which 

is reflexive and transitive. 

A forcing poset (]P, <) is s epa ra t ive  if whenever q ~ p, there is r < q such 

that  r and p are incompatible; equivalently, q IF p E G iff q ~ p. 

We say that  forcing posets P and Q are equ iva len t  if they have the same 

generic extensions. This is only an intuitive definition, not a formal one, since 

generic filters do not exist in the universe. We prove that  two forcing posets are 

equivalent in this informal sense by showing how to construct a generic filter for 

one, given a generic filter for the other. For example, if D is a dense subset of 

P, then D and P are equivalent. 

For any forcing poset ]P there exists a separative poset P* which is equivalent 

to P. Define P* as follows. The underlying set of P* consists of equivalent classes 

of P under the following equivalence relation: p is equivalent to q if for all r, r 

is compatible with p iff r is compatible with q. Define [q] < [p] if for all r _< q, 

r is compatible with p. Then ~* is a separative forcing poset. Moreover, the 

surjective mapping i: P ~ P* defined by i(p) = ~o] satisfies: 

(1) q < p implies i(q) < i(p), 

(2) If p and q are incompatible in P, then i(p) and i(q) are incompatible 

in Q. 

The equivalence of ]P and P* will follow from the next lemma. 

LEMMA 1.1 : Suppose that P and Q are forcing posers, D C_ ~ and E C Q are 

dense sets, and i: D -+ E is a surjective mapping satisfying: 

(1) q <_ p implies i(q) <_ i(p), 
(2) i f  p and q are incompatible in P, then i(p) and i(q) are incompatible 
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in Q. 
Then P and Q are equivalent. 

If ]P is a separative forcing poset, then there exists a unique complete Boolean 

algebra r.o.(P) and a mapping j:  l? ~ r.o.(P) satisfying: 

(1) q < p iff j(q) < j(p), 
(2) j"l? is a dense subset of r.o.(l?). 

The algebra r.o.(l?) is defined by taking regular cuts of l? ordered by inclusion. 

If l? is a forcing poset, define r.o.(l?) to be r.o.(]P*), where F is the separative 

poset equivalent to l? as defined above. Define •(l?) to be the forcing poset 

consisting of the Boolean algebra r.o.(l?) minus the 0 element. Composing the 

maps lid -+ P* and l?* -~ r.o.(l?*) described above, there exists a mapping 

k: l? --+/3(l?) satisfying: 

(1) q _< p implies k(q) <_ k(p), 
(2) if p and q are incompatible in P, then k(p) and k(q) are incompatible 

in B(l?), 

(3) k"l? is a dense subset of B(l?). So by Lemma 1.1, l? and B(l?) are equivalent 

forcing posets. 

When we discuss B(l?), we consider it as a forcing poset in the general sense, 

and avoid using Boolean valued models. 

The following genericity criterion for subsets of 13(l?) is straightforward: G is 

a generic filter for B(l?) over V iff G is an ultrafilter on r.o.(P) which contains 

1, such that whenever A C_ G is in V, A A is in G. 

Now we discuss projection mappings. A mapping 7r: Q -+ l? is a p r o j e c t i o n  
m a p p i n g  if it satisfies: 

(1) q < p implies 7r(q) ~ 7r(p), 

(2) ~r(1) = 1, 

(3) if p _< 7r(q), then there is r _< q such that 7r(r) _< p. 

Conditions (2) and (3) imply that  7r"Q is dense in l?. If 7~: Q -+ l? is a 

projection mapping and G is a generic filter for Q then Ir"G generates a generic 
filter for l?. 

Suppose that  7r: Q -+ P is a projection mapping and G is generic for P. In 

V[G] define a forcing poset Q/l? as follows. The underlying set of this poset is 

{q E Q: ~r(q) E G}. We let q _< p in Q/l? iff q _< p in Q. Now in V let Q/l? be a 

l?-name for the forcing poset just  described. 

Define k: Q -+ l? * (Q/l?) by letting k(q) = 7r(q) * q- Note that  k(q) really is 

in P • (Q/l?), since 7r(q) forces that 7r(~) is in G. Then the mapping k satisfies: 
(1) q _< p implies k(q) <_ k(p), 
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(2) if p and q are incompatible in Q, then k(p) and k(q) are incompatible in 

F • (Q/F), 
(3) k"Q is dense in P * (Q/F). 

So Q and P * (Q/P) are equivalent. 

Let P and Q be forcing posets, and suppose that  there is a Q-name G~ 

satisfying: 

(1) (~ forces that  Gp is a generic filter for F over V, 

(2) for any p in F, there is q in Q such that  q forces that p is in G~. 

Then since P and B(P) are equivalent, there exists a Q-name G such that  Q 

forces tha t  G is generic over V for/~(F),  and for any a in B(F) there is q in Q 

which forces that  a is in G. 

Define ~: Q -+ r.o.(P) by 

= A { a  • u(F): q I~- a • G}. 

The set {a • B(P): q IF a • G} is in the ground model, and q forces that  it is 

contained in G. By the criterion for genericity of filters on/~(P),  q forces that  

~(q) is in G, and hence is non-zero. Therefore ~ is a map Q -4 B(F). It is also 

a projection mapping. 

Suppose that  n is regular and P is a forcing poset. We say that  P is < n- 

d i s t r i b u t i v e  if whenever {Di: i < ~} is a family of dense open subsets of F and 

< n, then N Di is dense open. Equivalently, P is < n-distributive if forcing 

with F does not add any new sequences of ordinals with order type less than a. 

Suppose that  P is a forcing poset and A is a cardinal. A c a n o n i c a l  n a m e  

for  a s u b s e t  o f  A is a F-name of the form 

{(p,&}: p • A s , ~  < A} 

where As is an antichain for each a < A. I fp  forces that  Ji is a subset of A, then 

there is a canonical name /~  for a subset of A such that  p forces that  A = /~. 

If ) (  is a F-name and F forces that  ] :  A --+ X is a bijection, then a c a n o n i c a l  

n a m e  for  a subse t  o f  X is a name of the form 

{(p,](a)}:  p e A s , ~  < A} 

where each As is an antichain. I f p  forces that  A is a subset of ) f ,  then there is 

a canonical name/~  for a subset of 2( such that  p forces that  .~t -- /~.  

Suppose that  F is a forcing poset and p forces ¢() f )  for some F-name X. Also 

assume that  F forces that  there exists x such that  ¢(x) holds. Then there exists 

a F-name ]z such that  F forces ¢(Y) and p forces )~ = 1>. 
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If H is a subset of a forcing poset I?, we say tha t  H g e n e r a t e s  J if J is the 

set of q in ]P such that  there is p in H with p < q. 

Suppose tha t  j :  M --+ N is an elementary embedding between transitive 

models of set theory, I? is a forcing poset in M,  G is generic for ? over M,  and 

H is generic for j(I?) over N.  Then j can be lifted to j :  M[G] --+ N[H] iff 

j"G C H. In this case, j(G) = H. In particular,  j can be lifted if there exists a 

condition s in H such tha t  s < j(p) for all p in G. We will use Silver's notation 

and refer to such a condition s as a m a s t e r  c o n d i t i o n .  

2. F o r c i n g  p o s e t s  

In this section we describe some of the forcing posets we use in the paper. 

Suppose tha t  n is strongly inaccessible and S is a s tat ionary subset of n. 

Define a forcing poset P3 as follows. A condition in ? s  is a closed bounded 

subset of n \ S. We let q _< p if q end-extends p. Clearly Ps  has size n. 

The poset Ps  is < n-distributive iff n \ S is fat ,  i.e. for any club C and any 

ordinal ~ < n, C \ S contains a closed subset with order type /3. If G is a 

generic filter for Ps  then U G is a club subset of n which is disjoint from S. So 

Ps  destroys the stat ionari ty of S. 

The set Sing ff/n is a fat set. So Ps  is < n-distributive whenever S C_ Reg C/n. 

For more on the poset Ps  see [1]. 

Gitik [5] generalized the forcing poset Ps  to destroy certain s tat ionary subsets 

of P,~n +, where t~ is strongly inaccessible. Suppose that  S is a subset of P~n+. 

Define lids as follows. A condition in I?s is a set x C P~n + disjoint from S with 

size less than n, and whenever (ai: i < ~) is C_-increasing in x, then U a i  is in 

x. Let y < x if y end-extends x in the following sense: x C_ y, and whenever a 

is in y \ x and b is in x, a is not a subset of b. 

The poset IPs is always n+-c.c. The conditions under which IPs is < n- 

distributive are somewhat complex. We will consider this situation in detail in 

Section 4. 

Suppose tha t  ~ is strongly inaccessible in V. In what follows we will need a 

generic extension V C_ W satisfying the following properties: 

(1) ~ is strongly inaccessible in W, 

(2) V and W have the same limit cardinals, 
(3) ~+v = ~+w, 

(4) there exists a c lub  o f  f o r m e r  r e g u l a r s  in ~, tha t  is, a club C _C ~ in W 

such that  every a in C is a regular cardinal in V. 

There are a variety of ways to construct such a generic extension. We will use 
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Radin forcing. The following lemma contains all the information about Radin 

forcing which we will need. 

LEMMA 2.1: Suppose that n is A-supercompact for some A ~_ 2 ~. Then there 

exists a forcing poset R, called Radin forcing, which adds a generic club set C 

to n consisting of former regulars, and satisfies the following properties: 

(1) II{ is n+-c.c., 

(2) II{ preserves all cardinals and the function a ~ 2 ~, 

(3) I~ preserves the A-supercompactness of n. 

See [7] for an exposition of Radin forcing. 

A triple (Q,_<,_<*} is called a P r i k r y  t y p e  forc ing  pose t  if (Q,_<} and 

(Q, <_*) are forcing posets, q _<* p implies q _< p, and Q satisfies the P r i k r y  

p r o p e r t y :  for any ¢ in the forcing language for {Q, <_) and for any p in Q, there 

exists q _<* p such that  q decides ¢. If a is a cardinal we say that  Q is a - w e a k l y  

closed if (Q, _<*) is a-closed. We say that  Q satisfies the d i rec t  e x t e n s i o n  

p r o p e r t y  if whenever q, r _<* p, there is s _<* q, r. It should be made clear that  

when we say that  we force with a Prikry type forcing poset Q, we always mean 

that  we force with (Q, _<}. 

Suppose that  U is a n-complete fine ultrafilter on P~fl. We define a forcing 

poset IPI~(U) as follows. If U is a normal ultrafilter, IPI~(U) will denote the 

supercompact Prikry forcing. A condition in I?II{(U) is a pair {~, A), where A is 

in U and ff is a finite Magidor increasing sequence from P~A. If p = (if, A} and 

q = (6, B} are conditions, let q _<_ p if B C__ A, ff is an initial segment of b, and 

any element of b" which is not in d is in A. If q _< p and 5 = b, we let q _<* p. 

Suppose that  U is a non-normal ultrafilter. Then we let H~(U) denote the 

tree Prikry forcing. A condition in IPI~(U) is a pair {t, T} satisfying: 

(1) T is a collection of finite Magidor-increasing sequences from P~A, ordered 

by u _ v if u is an initial segment of v. 

(2) (T, _) is a tree ordering, that  is, if u _~ v and v is in T then u is in T. 

(3) t is the trunk of T, that  is, t is in T and whenever u is in T, either u _~ t 

or t <~u. 

(4) For every u in T with t __ u, the set {a E P~A: u~(a) E T} is in U. 

The ordering on PII~(U) is (s, S) _< (t, T) if S C_ T. We let (s, S) _<* (t, T) if 

{s, S) < (t, T) and s = t. 
In either case, ~I~(U) satisfies the following properties. The poset I~II~(U) 

is a Prikry type forcing poset. If {(s,S~): i < fi} is a family of fewer than n 

many conditions with the same first coordinate, then (s, N Si) is a condition 

which directly extends each (s, Si). So PI~(U) is n-weakly closed and satisfies 
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the direct extension property. Since there are only A <~ many possible first 

coordinates for a condition, PIR(U) is (A<~)+-c.c. 

Suppose that  G is a generic filter for PII~(U). Then the set U{a: ~A(a, A} E G} 
is a Magidor-increasing sequence (a,~: n < co) cofinal in P~A, and for any A in 

U there is n < co such that  am is in A for all m _> n. For each n _< fl _< A with 

cf(fl) > ~, fl = U{anNfl: n < co}, and therefore fl has cofinality co in the generic 

extension. 

If the ultrafilter U is understood, we sometimes write PIR(~, A) or PIR for 

PIR(U). For more information about PIR(U) see [7]. 

Suppose that  U is a K-complete fine ultrafilter on P~A. Assume that  W is a 

generic extension of V and (a~: n < co) is an increasing sequence in W which 

is cofinal in P~A. Assume that  the sequence satisfies the P r i k r y  gener i c i ty  

cr i ter ion:  for every function h: (P~A) <~ -+ U in the ground model there is n 

such that  for all m > n, am is in h((ao,.. . ,  am-i)) .  Then the set {an: n < co} 

generates a generic filter for IPR(U) over V. In case U is non-normal, this generic 

filter is the set 

{(t,T) C FIR(U): (ao,... ,an} E T for all n < co}. 

If U is normal, the generic filter is 

{(g,A} C FIR(U): 5 is an initial segment of (an: n < w), Vn >_ ]d 1 an E A}. 

If U is normal, a weaker genericity criterion is sufficient: for all A in U, there is 

n such that  am is in A for all m >_ n. For a proof see [8]. 
The following two results summarize a technique due to Gitik which is implicit 

in [5]. 

LEMMA 2.2: Suppose that U is a n-complete fine ultrafilter on P~A and 

~r: FIR(U) --+ F is a projection mapping. Then there exists a Prikry type forcing 
poset (Q, <_, <* ) satisfying: 

(1) (Q, _<) and (I?, <_) are equivalent posets, 

(2) Q is n-weakly dosed and satisfies the direct extension property. 

Proof: Define (Q, _<, _<*) as follows. The underlying set of Q is exactly the 

underlying set of FIR(U). Define _<* on Q to be exactly _<* on ?II~(U). It is 

obvious then that  (Q, _<*) is a forcing poset which is n-closed, and whenever 

q, r <* p in Q, there is s <* q, r. Define _< on Q by letting q _< p iff zr(q) _< n(p) 

holds in F. 
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Define i: 7r"Q -~ Q by letting i(a) be some q in Q such that  ~r(q) = a. Then i is 

an order preserving and incompatibility preserving surjective mapping between 

a dense subset of F and a dense subset of Q. So Q and F are equivalent posets. 

We show that  • satisfies the Prikry property. First note that  the identity 

mapping id : PIR(U) -+ Q is a projection mapping. Therefore if H is generic for 

PIR(U) over V, then H generates a generic filter J for (Q, _<} over V. 

Now let p be in Q and suppose that  ¢ is a statement in the forcing language 

for (Q, G). Then p is also a condition in FN(U). Apply the Prikry property in 

FIR(U) to find q <* p such that  q decides over V in FIR(U) the statement cy[J]. 

Without loss of generality suppose that  q forces cV[J]. By the definition of _<* 

in Q, we have q _<* p in Q. 

We claim that  q forces ¢. If not, there is r _< q in Q which forces the negation 

of ¢. Since r _< id(q), apply the fact that  id is a projection mapping to get s _< q 

in F]I{(U) such that  s = id(s) _< r in Q. Now force with s in FIR(U) to get a 

generic filter H and generic extensions V C_ V[J] G V[H]. 

Since s _< q in F]I{(U), CV[J] holds in V[H]. Therefore ¢ holds in V[J]. But 

also s is in J, and s _< r in Q and r forces the negation of ¢. Therefore ¢ fails 

in V[J], and we have a contradicton. I 

LEMMA 2.3: Suppose that U is a s-complete fine ultrafilter on PeA. Let F be 

a < x-distributive forcing poset such that IF I ~ A, and assume that F has no 

more than A-many maxima/antichains. Then there exists a projection mapping 

~: PR(U) --~ U(P). 

Therefore there exists a Prikry type forcing poset (Q, ~, _~* ) which is a-weakly 

closed, satisfies the direct extension property, and ((~, ~_) is equivalent to 13(F), 

and hence to P. 

Proof: It suffices to prove that  there exists a Fll~(U)-name G such that  F~(U) 

forces that  G is a generic filter for F over V, and for any p in F, there is q in 

PR(U) which forces that  p is in G. 

Let (Pi: i < A) and (Ai: i < A) enumerate IF and the maximal antichains of F, 

possibly with repetitions. 

Suppose that  H is generic for I~IR(U) over V. Let (an: n < w) be the set 

U{s: 3S(s,  S) E H}.  Then each an is in V and U{an: n < w} = A. 
Define a decreasing sequence (qn: n < w) in F inductively as follows. Let qo 

be Psup ao- Now suppose that  qn is defined. Since an has size less than a, the 

set D = N{Di: i E an} is dense open in F. So pick qn+l in D below qn. Clearly 

the set {qn: n < w} generates a generic filter for F over V. Let G be a name for 
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G. The definition of qo ensures that  it is possible for any particular condition 

to be in G. | 

We will need a generalization of the last lemma. 

LEMMA 2.4: Suppose that U is a n-complete fine ultrafilter on P~A. Let F be 

a < n-distributive forcing poset with IF[ <_ A and such that that I? has no more 

than A many antichains. 

Assume that F forces that U' is a n-complete fine ultrafilter on P~#, where 

2 ~<" _< A and IF * FI~(U')[ _< A. Then there is a projection mapping 

FR(U) B(F • 

So there exists a Prikry type forcing poset <Q, _<, _<*) which is n-weakly dosed, 

satisfies the direct extension property, and (Q, _<) is equivalent to F • FI~(U'). 

Proof: Enumerate F * FII~(U') as (ri: i < A), possibly with repetitions. Let H 

be generic for F~(U) over V and let (an: n < w) be generic Prikry sequence 

given by H. 

Fix q and (i, T) such that  rsup ao = q * (i, T). As in Lemma 2.3, construct a 

generic filter Go for F over V containing q. Let (hi: i < A} enumerate all the 

functions h: (P~p)<~ --+ U' in V[G0], possibly with repetitions. Now inductively 

define a Prikry sequence for FR(U') as follows. Write t = (bi: i _< k). Given bn 

for n _> k, choose bn+l which is a Magidor extension of bn and is in the measure 

one set 

n{h i ( (b0 , . . . , bn ) ) :  i E an} N {a: (bo,.. . ,bn)~a • T}.  

By the Prikry genericity criterion, {bn: n < w} generates a generic filter G1 for 

FR(U') over V[Go] which contains (t ,T). | 

3. The  stat ionarity  of  S(n, n +) 

Now we begin our study by introducing the set S(n, n+). 

LEMMA 3.1: There is a club set of a in P~n + such that o.t.(a) _< (a D n) +. 

Proof: Fix 0 >> n regular, and let N be an elementary substructure of <H(0), 6> 

in P~H(O). Let a = N N n +. We claim that  o.t.(a) _< (a N n) +. 

We show that  for all/3 in a, la N/31 _< la N n I. This is clear if/3 < n. 

Suppose that /3  > n is in a. Fix a bijection fZ: n ~ / 3  in N. By elementarity, 
for all j in a n/3, f ~ l ( j )  is in a n n. Therefore fz { a n n is a bijeetion of a D n 
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onto a N 13, and so [an/~[ = [a N ~[. Since each initial segment of a has size at 

most [ a n  to[, clearly o.t.(a) < (a N a) +. I 

Now define S(a,  ~+) as the set of a in P~a+ such that  o.t.(a) = (a N a)+. 

In [4] it was established that  the stationarity of S(a,  ~+) implies an inner 

model with a measurable. The exact consistency strength of the stationarity of 

S(a,  ~+) is currently an open problem. 

LEMMA 3.2: For almost all a in P~n +, a contains all its limit points below sup a 

which have cofinality different from cf(a n n). 

Proof: Fix 0 >> ~ regular and suppose that  N is an elementary substructure 

of H(0) in P,H(O). Let a = N n a+. Suppose for a contradiction that  a is a 

limit ordinal in a below supa,  cf(a) ~ cf(a N a), and a is not in a. 

Let/~ be the least element of a greater than a. We claim that  cf(t3) = a. Fix 

g: cf(/3) -+ ~ in N increasing and cofinal in ~3. If cf(/~) < a, then cf(/~) C_ ~3 so 

g"cf(/3) is a subset of a, which contradicts that  a is bounded below/~. 

For all 7 in aN~ there is i in a n n  such that  g(i) > % So g " ( a n a )  is increasing 

and unbounded below a. Therefore a n ~ and a have the same cofinality, which 

is a contradiction. I 

THEOREM 3.3: / f  [~,<~ holds then S(t¢, ~+) is non-stationary. 

Proof: Let (Ca: a < t~ +) be a [:],,<~-sequence. Fix 0 >> •+ regular. Suppose 

for a contradiction that  S(a,  n +) is stationary. Then there exists N in P~H(O) 

which is an elementary substructure of the model 

(H(O), (ca: < 

such that  N N  a+ is in S (a , a+) .  Let a = N N  a +, g = supa,  and aa = N N  a. 

Note that  cf(g) = a +. 

Let c be some member of Cg. Fix a regular cardinal 5 < aa different from 

cf(~a). By Lemma 3.2, a is closed under suprema of subsets with order type 6. 

In particular, a is stationary in sup a, and therefore a N lira(c) is unbounded in 

/~. Now c has order type at least cf(/~) = t¢ +. So there is 7 in a n lim(c) such 

that  o.t.(c n -y) >_ aa. But c n ~/ is in C~. Since "y is in a, d r is a member of 

N. But ]C~] < ~, so C.y is a subset of N. Therefore c N 7 is in N, and hence 

o.t.(c N "/) is in N n ~ = ~a. This contradicts that  o.t.(c n "y) > ~ .  I 

A different proof of this theorem using ill-founded generic ultrapowers appears 

in [3]. 
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The set S ( a , a  +) has some importance in inner model theory. A regular 

cardinal ,~ is s u b c o m p a c t  if for every set X C_ H(a  +) there is a cardinal 5 < ,~, 

a set a C_ H(5+), and an elementary embedding 

i: (H(5+), E,a) -+ (H(a+),  E, X) 

such that  crit(i) = 5 and i(5) = a. 

Jensen defined subcompactness and proved that  if a is subcompact then [3~ 

fails. The following result was pointed out to the author by Ernest Schimmer- 

ling. 

THEOREM 3.4: Suppose that V = L[/~] where E is coherent sequence of 

extenders. Then the following are equivalent for an inaccessible cardinal ,¢. 
(1) ,~ is subcompact, 

(2) S(n, ,~+) is stationary, 

(3) [~,<~ fails. 

Proof'. The proof of (3) implies (1) appears in [12], and (2) implies (3) was 

proved in Theorem 3.3. For (1) implies (2), let C be a club subset of P~n+. 

Then C C_ H(a+) ,  so there is 5 < ,~, c C_ H(5+), and an elementary embedding 

i: (H(5+),E,c) ~ (H(e;+),e,C) 

with critical point 5 such that  i(5) = a. 

Applying elementarity it is straightforward to check that  i"c is a directed 

subset of C with size less than a and with union i"5 +. Therefore i"5 + is in 

C n S(~, ~+). m 

In general, the stationarity of S(~, ~+) does not imply that  ~ has any large 

cardinal property. For example, in the model which we construct in Section 6, 

S(a, ~+) is stationary, GCH holds, and ~ is a non-Mahlo cardinal. 

Note: Most of the results presented in this section are already known. The 

proof of Theorem 3.3 is due to the author. This proof allows for a different 

approach to destroying stationary subsets of P ~ +  than the one which we use 

in this paper. For more on this topic see [9] and [10]. 

4. Destroying stationary sets 

In this section we present a forcing poset for destroying the stationarity of certain 

subsets of P~,~+. Assume for the remainder of this section that  V C W are 

transitive models of set theory with the same ordinals satisfying the properties: 
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(1) V and W have the same limit cardinals, 

(2) ~ is strongly inaccessible in W, 

(3) K + v  = K + w ,  

(4) in W there is a club set C C_ ~ such that  every a in C is regular in V. 

Now work in W. Consider the following two properties of a set S C_ P~ ~+: 

Proper ty  1: There exists a set A C ~+ such that  

Proper ty  2: 

in W, 

S = {a E S(~,K+): supa  E A}. 

There exists a partial function F: ~+<~ -+ K + in V such that  

S = {a E S(~, K+): F is not Jonsson for a}. 

We will prove that  if S is a set which satisfies either one of these properties, there 

exists a ~+-c.c., < K-distributive forcing poset which destroys the stationarity 

of S. (Note that  if a forcing poset is K+-c.c. and < ~-distributive, the sets P~K + 

and S(K, K+) are the same in the ground model and in the generic extension.) 

If S has Property 1, we will denote this forcing poset by Ps. If S has Proper ty  

2, we will denote this poset by PF. 

The two conditions on S work together quite nicely. Namely, after forcing 

with PF, every stationary subset of S(t~, t~ +) has Proper ty  1. For a proof see 

Proposition 4.9 below. 

Before we can define ~s  and PF, we need the following lemma. 

LEMMA 4.1: There exists a function H: ~+<~ -+ K + in V such that the 

following holds in W .  For any a in P ~ +  which is closed under H: 

(1) a M ~ is a limit cardinal, 

(2) i f  lal > a M ~ then o.t.(a) = (a M K) +, 

(3) i f x  is a bounded subset of  a and cf(x) ~ cf(a M K), then supx  E a, 

(4) i ra  is in S(K, ~+) then cfV(supa) is not a limit point of  C. 

Proof: In V fix O 77 n+ regular. Let H*: H(O) <~ ~ H(0) be a Skolem function 

for the structure (H(0), E). Let H: t~ +<~ -~ ~+ be a function in V such that  

whenever b C_ K + in V is closed under H,  clH. (b) CI ~;+ = b. 

Now work in W. Suppose that  a is in P~K + and is closed under H. Since a is 

closed under V-cardinal successors and V and W have the same limit cardinals, 

a M K is a limit cardinal. 

It is easy to check (2) using the proof of Lemma 3.1. 

For (3), let x be a bounded subset of a with order type a regular cardinal 

different from cf(aMK). Let fl = supx.  Suppose for a contradiction that  fl is not 
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in a. Let  a be  the  least  e lement  of a grea ter  t h a n  ~. Let  N be the  H*-c losure  of  

(a N ~) U {a} in V. Clear ly N N ~ = a N ~. In N fix f~:  c fV(a)  ~ a increasing 

and  unbounded  in a .  If c fY(a)  < n then  c fV(a)  C N ,  so f~"c fV(c t )  is an 

unbounded  subset  of a conta ined in a, which is impossible.  So cf v (a)  = n. But  

then  f~ "a n n is increasing and unbounded  in a n a ,  so cf (a  n to) = cf(/~), which 

is a contradic t ion.  

For (4), let a be in S(tc, n+) and suppose  for a cont radic t ion  t ha t  c fY(supa )  

is a limit point  of  C. Let  ~a = a n ~, /3 = s u p a ,  and  (~ = cfV(/3). By  (2) and  

(3), o . t . (a)  = ~+ and a is s t a t ionary  in/3. Since t~ + = cfW(fl),  ~+ < 5. 

In  V let 7r: ~ ~ fl be an increasing and cont inuous m a p  with range  unbounded  

in/? .  Since (~ is a limit point  of  C, C N (~ is club in 5, and therefore  7r"(C N (~) is 

club in ~. 

Since a is s t a t iona ry  in/3, there  is 7 in C N ~ with 7 > me such tha t  7r(7 ) is in 

a. Note  t h a t  cfV(rr(~/)) = 7, since 7 is regular  in V and sup(Tr"7) = 7r(?). But  

7r(3, ) is in a, and  therefore  cfV(Tr(7)) = 7 is in a n ~c. This  is a contradic t ion  

since ~ > a N ~. I 

For the  remainder  of the section fix a funct ion H:  t~ +<~ --+ ~+ as in L e m m a  

4.1. We will now define our  forcing poset  F. 

If  x and y are subsets  of P ~ + ,  we say x e n d - e x t e n d s  y if y C_ x and for 

every a in x \ y and  b in y,  a is not  a subset  of b. 

Now suppose  t ha t  S C_ P~t~ + is a set which satisfies e i ther  P r o p e r t y  1 or 

P r o p e r t y  2 above.  If  S has P r o p e r t y  1 then  let F:  ~+ ~ ~+ be the  ident i ty  

map .  In this case we will wri te  ]P = Fs-  If  S has P r o p e r t y  2 we will wri te  

l? = FF.  Let  E be the  club set of a in P ~ +  such tha t  a is closed under  H and 

F .  

Definition 4.2: A condit ion in ]? is a set x which satisfies the  following proper -  

ties: 

(1) x C _ E \ S ,  

(2) x has size less t han  t~, 

(3) x is closed under  unions of C-increasing sequences,  

(4) if a is in x and u is a set in E \ S  such t ha t  a N  ~ C u C a, then  u is in x,  

(5) x contains  an e lement  m a x ( x )  such t ha t  b C_ m a x ( x )  for every b in x. 

The  order ing on ]? is x _< y if x end-ex tends  y .  

T h e  only significant differences between this definit ion and  the  definition of 

Gi t ik ' s  poset  ]Ps given in Section 2 is the addi t ion  of clause (4) and  the  fact  

t h a t  we require the  e lements  of our  condit ions to be inside the  club E .  These  
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changes are technical  condit ions which enable  us to  prove  the  < ~-dis t r ibut iv i ty  

of  P wi thout  assuming  Gi t ik ' s  requi rement  t ha t  S is a subset  of V. 

We make  some observat ions.  In  (4) the  set u satisfies t h a t  u N t; = a N ~. I f  

a and  b are in E then  a n  b is in E .  

I f  a is in E then  o. t . (a)  <_ (a N ~)+. If  x and  y are in F then  x <_ y if[ y C x 

and  for all a in x \ y ,  a ~ m a x ( y ) .  We can s t reng then  condit ion (4) as follows. 

LEMMA 4.3: Suppose  tha t  x is a condit ion in P, a is in x ,  and u is a set  in E 

such t ha t  a N ~ C u C a. Then  u is no t  in S ,  therefore u is in x .  

Proof: Recall  t ha t  x N S is e m p t y  so a is not  in S. Suppose  for a cont rad ic t ion  

t ha t  u is in S. 

Then  u is in S(t¢, ~+) and  is closed under  H .  

We know t h a t  o. t . (u)  = (u N ~)+ = (a n ~)+.  

Since o. t . (a)  < ( a n  ~)+ and  u C_ a, o . t . (a)  = ( a n  ~)+. Clear ly then  sup a = 

s u p u ,  for otherwise o. t . (a)  would be larger t han  o.t .(u).  If  P = Ps ,  then  s u p u  

is in A so a is in S, and  we have a contradict ion.  

I f  P = PF,  then  u is a subset  of a closed under  F and ]u] = ]a I. Bu t  a is not  

in S, so F is Jonsson for a,  therefore  u = a. Bu t  this is impossible  since u is in 

S and  a is not  in S. | 

Clear ly  P has  size ~+. 

We will need the  next  several  l emmas  in order  to prove t h a t  P is < ~- 

dis tr ibut ive.  The  following l e m m a  will also be useful for cons t ruc t ing  mas t e r  

condit ions in la ter  sections. 

LEMMA 4.4: Suppose  tha t  X is a directed subse t  o f  P wi th  size less than ~. 

Le t  z be the  closure o f  U x under  unions o f  increasing sequences.  Then  the  

fol lowing s t a t e m e n t s  hold. 

(1) z is a subse t  o f  E wi th  size less than ~ which is closed under  unions o f  

increasing sequences,  

(2) every  a in z is a subse t  of  U { m a x ( x ) :  x E x } ,  

(3) i r a  is in z and u is a set  in E such tha t  a N ~ C u C a then  u is in z,  

(4) if  a is in z \ U x then for all x in X ,  a max(x), 
(5) z end-ex tends  x for all x in X .  

Proof:  Let  ~ be  the  least  ordinal  such t ha t  z = [J{z/: i < 4} where z0 = [ i X ,  

z~ = [.J{z/: i < (f} for ~ limit, and  for each i, z~+l is the  collection of sets a such 

t h a t  there  is an increasing sequence (ai: i < ~) of e lements  of  zi whose union is 

a. S t a t emen t s  (1) and (2) are s t ra ight forward.  



Vol. 147, 2005 DESTROYING STATIONARY SETS 301 

(3) We prove by induction on i < ( that  if a is in zi and u is a set in E 

such tha t  a N n C_ u C_ a then u is in zi. This is true for Zo since X consists 

of conditions. The limit step is clear. Suppose tha t  the claim is true for zi for 

s o m e i  < (. Let a b e a s e t  i n z i + l  a n d u a s e t  in E such tha t  a n t ~ C u  C a .  

Fix an increasing s e q u e n c e  (aj: j < [) from zi whose union is a. For each j < 

the set u n aj is in E and aj n i¢ C_ aj N u C aj, so by induction aj N u is in zi. 

Therefore u = U{aj n U: j < [} is in Zi+l. 

(4) We prove by induction on 0 < i < ( that  for all x in X,  if a is in zi \ U x 

then a ~ max(x) .  Suppose tha t  a is in zl \ O  X.  Write a = U{aj :  j < [} where 

each aj is in U X.  Since a is not in U x ,  not all aj's are in x since x is closed. 

So fix l with at not in x. Then there is some y in X with at in y. Since X is 

directed, fix x* in X which end-extends both x and y. Then at is in x* \ x, so 

by the definition of the ordering, at ~ max(x) .  Therefore a q: max(x) .  Now 

suppose that  0 < i < ( and the claim holds for zi. Let a be in zi+l \ U x ,  and 

write a = U{aj :  j < [} where each aj is in zi. If  all the aj's a r e  in U X  then 

a is in zl and we are done by what  we just proved. Otherwise some at is in 

z~ \ U x so by induction at g max(x) ,  so a ~ max(x) .  

(5) Fix x in X.  Then x C_ O X C_ z. Suppose tha t  a is in z \ x. If a is in U X,  

then since X is directed there is y _< x in X with a in y. By the definition of 

the ordering, a ~ max(x) .  Otherwise a is in z \ U X,  so by (4) a ~ max(x) .  

I 

The following lemma is the core technical fact for the proof of < ~-distribu- 

tivity. We state it abstract ly since we will need to use it later in the paper.  

LEMMA 4.5: Suppose that 7 < ~ is a limit ordinal, f :  ~ -+ ~+ is in V,  and 

(Ni: i < "7) is an increasing and continuous sequence of  sets with size less than 

which are closed under H and F such that for all i < 7: 

(1) Ni n ~ ---- ~ is in lira(C), 

(2) f % = N~ n ,~+. 

Suppose that (xi: i < 7) is a decreasing sequence in P such that for each i < 7: 

(3) xi is in Ni+l,  

(4) max(xi )  = Ni n ~+. 

Let x.y be the closure o£ U(xi :  i < 9,} under unions of  increasing sequences. 

Then the following s tatements  are true: 

(A) x~ is in ~, 

(B) x ,  < xi for all i, 

(C) max(x.y) -- N,~ n a +. 
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Proof: Apply Lemma 4.4 with X = {xi: i < 7} and z = x~. Then the only 

way tha t  x. r would not be a condition is if x N S ~ 9. We also know tha t  x~ 

end-extends xi  for all i. Since N~ N a+ = U { N i  n a+: i < "7}, N~ n a+ is in x~ 

and by Lemma 4.4 this set is the maximum element of x~. The only thing left 

to check is tha t  x~ is disjoint from S. 

Suppose for a contradiction that  x~ N S contains an element a. Let aa = a O 

and 8 = sup a. 

Since a is in E n S(a ,  ~+), by Lemma 4.1 we know that  o.t.(a) = g+a, a is 

closed under suprema of bounded subsets with cofinality different from cf W (a~), 

and cf v (8) is not a limit point of C. 

Since N~ n a+ = f"(f~, the set N7 N 8 is in V and is unbounded in 8 since 

it contains a. Therefore since [N~ n 81V _< ~ ,  cfV(8) < 5~. But 5~ is a limit 

point of C, therefore cfV(8) < 5~. Since cfW(8) = a + w  a + w  < cfV(8) < 5~. 

The set a is difficult to work with because it might not be in V. So what we 

do is find a set u such that  a N a C_ u C_ a and u is covered by a small set d 

from V. Define an increasing sequence (di: i < w2 W) in V as follows. Let do be 

any club subset of 8 in V with order type cf v (8) and a~ C_ do. Take unions at 

limits. Suppose that  di is defined for a fixed i < w W. Define 

d~ = di U H " d  <~° U F " d  <'° 

and let 

di+l -- d* U lim(d~). 

(This is where we use the fact tha t  H and F are in V.) Let d = U{di: i < ww}. 

Then d is closed under H and F and Idl -- c fV(8)  < 5~. 

We claim that  in W the set d is closed under suprema of any bounded subset 

x with order type w or Wl. For if x is such a set, then there is i < w w such tha t  

x C_ di. Then supx  is a limit point of di, so supx  is in di+l C_ d. 

Now let u = a n d .  Let # be one of w or wl which is different from cf(aa) w. 

Then both a and d are closed under suprema of subsets with order type p. I t  

follows tha t  u = a N d is also closed under such suprema, and therefore is an 

unbounded subset of a. Since u is unbounded in a, it must  have order type 

a+w.  Also aa = u N a. So u is in S(a,  a+).  The set u is in E since it is closed 

under H and F.  But a N a C u C a, so by (3) of Lemma 4.4, u is in x~. 

The rest of the proof splits into two cases. Suppose first that  F = IFs where 

S = {a E S ( a , a + ) :  s u p a  E A} for some A C_ a +. Since a is in S, s u p a  is in 

A, therefore sup u is in A so u is in S. Now we get a contradiction as follows. 
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Since [.J X 71 S is empty, u is in x~ \ [_J X.  By (4) of Lemma 4.4, for all l < % 

u C_ N z n ~  +. 
Now the set Nz71s + = f"Sz is in V, therefore dnN.~ is in V. Also IdNN.~[ y <_ 

Idl y < 6.y. Since 6~ is regular in V and d Cq N.y _C N.~ n s + = U { f " i :  i < 6~}, 

there is i < 6v such tha t  d 71 N~ C_ f " i .  Fix 1 < " /wi th  i < 61. Then u = a N d C_ 

d N N.~ C_ f " i  C_ f"61 = Nz n s +, so u C_ Nz n s + and we have a contradiction. 

Suppose now tha t  F = IPF. If u is in S then u is in xz \ U x ,  so we can get a 

contradiction as in the previous paragraph.  Suppose that  u is not in S. Since a 

is in S, a ¢ u, therefore u C a. Fix an ordinal 6" in a \ u. Let v be the closure 

of u U {5"} under H and F.  Since a is closed under H and F,  v C_ a. Therefore 

vC) s = sa.  So v is in P~s  +. Since u C_ v, v is in S ( s , s + ) ,  and a l s o v  is in 

E.  S i n c e a A ~ C _  v C_ a, by (3) of Lemma 4.4, v i s i n x ~ .  Now u is a proper 

subset of v with the same size as v and u is closed under F.  Therefore F is not 

Jonsson for v, so v is in S. Since [.J X n S is empty, v is in x~ \ [.J X.  By (4) of 

Lemma 4.4, for all 1 < % v q: NL n ~+. 

Let Y be the closure of (Nz n d) U {5"} under H and F.  Since N.~ N d is in 

V, Y is in V, and IYI v = IN~ n dl v < [dl V < 6.y. 

Since6* is i n a  c_ N ~ , Y  C_ N T n s  + = [. .J{f"i:i  < 6.~}. As above we can 

find l < 7 such that  Y C_ Nl n ~+. Since u U {5"} C_ (N~ A d) U {6"}, we have 

v C_ Y C_ N1 71 s +, which is a contradiction. | 

PROPOSITION 4.6: The forcing poset ~ is < R-distributive. 

Proof: Suppose that  {Di: i < 5} is a family of dense open subsets of ]P with 

5 < s. Let x be a condition in 1?. Fix 0 >> s + regular, and let <0 be a well- 

ordering of H(O). Since s is strongly inaccessible, there is M ~ (H(O), E) such 

tha t  IMI = s, s C_ M, M N s + is in s +, and <~M C_ M. Choose M to contain 

the sets F, x, C, H,  F,  E,  and (Di: i < 6). Let /3  = M N s +. Fix a bijection 

f :  s --+/3 in V. Let (zi: i < ~) enumerate all the elements of M. 

Define a chain (Mi: i < s) of elementary substructures of 

34 = (M, e , F , x ,  C , H , F , E ,  (Di: i < 5), f , <o) 

as follows. Choose M0 in P,~M with M0 -< 3//. Take unions at limits. Given 

Mi, let Mi+l be some elementary substructure of 34 in P,~M which contains 

the sequence {Mj: j _< i) and also the set zi. Note that  Mi N t~ is in lira(C) and 

Mi N t~ + is in E.  

Since zi is in Mi+l for each i, the collection {Mi: i < s} is a club subset of 

P,~M. Also there is a club set o f / <  s such tha t  M~f l s  = i. Since f " s  =/3,  the 
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collection {f"c~: a < a} is club in P~/3. So it is possible to choose a subsequence 

{Ni: i < a) of (Mi: i < a} such that: 

(1) Ni -- M& for some 5i in lim(C), 

(2) N~ n ~ = a~, 

(3) (Nj: j _< i} is in Ni+l. 

Since Ni is closed under f and f - l ,  

(4) f"Si = Ni N a+. 

Since f is in V, Ni N a+ is in V. Also ]Ni N a+I = 5~ = Ni n,~, so Ni n a+ is 

not in S. 

We define a decreasing sequence of conditions (xi: i < 5} satisfying the fol- 

lowing conditions for all i < 5: 

(5) (xj: j _< i) is in N/+I, 

(6) max(xi) ---- Ni n~+. 
Define 

xo = x U { u  E E: N o N ~  C u C No N ~;+}. 

Since x is in No and Ix] < a, x C_ No. So if a is in x then since ]a] < a, a C_ No, 

and ]a] < No n a. Using this fact it is easy to check that  xo is a condition below 

x satisfying the requirements. Suppose that  xi is defined for a fixed i < 6. Let 

yi be the <o-least condition such that  Yi _< xi and yi is in Di. Since Di is in 

Ni+I, Yi is in Ni+l. Define 

Xi+l ---- Yi U {u C E: Ni+l n ~; C u C Ni+a N a+}. 

It is easy to check that  X~+l is a condition which is below xi and satisfies the 

requirements. 

Now suppose that  "y _< a is a limit ordinal and {xi: i < "y) is defined. Since 

(Ni: i < 7) and (Di: i < ~) are in N.r+l , the sequence (xi: i < ~) can be 

defined in N~+I. Let x~ be the closure of U{xi: i < "7} under unions of increas- 

ing sequences. By Lemma 4.5, x~ is a condition in N~+I below each xi and 

max(x~) = N. r N a+. 

This completes the construction. The condition xa is in n{Di:  i < ~} and is 

below x. So ]~ is < R-distributive. I 

The proof of the a+-chain condition is basically the same as with Gitik's 

poset. 

PROPOSITION 4.7: The forcing poser ~ is ~+-c.c. 

Proof: Suppose for a contradiction that  (xi: i < ~+/ is an antichain in F. By 

the A-system lemma, we can assume without loss of generality that  there is a 
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set d such that  max(x / )Amax(x j )  = d for i < j .  Since n is strongly inaccessible, 

there exist i < j such that  P(d) N x~ = 7)(d) n x j .  

Choose a set a in E N (P~n + \ S(n, n+)) which contains max(xi)  U max(xj) ,  

and [a[ > [ max(xi)  U max(xj)[.  Define X = {u E E \ S :  a n n  C u C a}, and let 

y = x~ U xj U X. Note that  if u is in X then lul = [al, since [a I = a n t~. Clearly 

y is a condition. But since x/ and xj  are incompatible, y is not below one of 

them. 

Without  loss of generality assume that  y is not below x/,  i.e. y does not 

end-extend xi. Fix b in y \ x /  and c in xi such that  b C_ c. I f b  is in X, 

then [b[ = [a[ > [max(xi)[ _> Ic[, which is impossible. So b is in xj  \ x/. Hence 

b C_ max(x j )nc  C_ max(xj)Nmax(x/)  = d. Therefore b is in P ( d ) n x j  = 7~(d)nxi. 

So b is in x/, which is a contradiction. | 

PROPOSITION 4.8: The forcing poser ]? forces that S is non-stationary. 

Proof." Fix a name /)  such that  ]? forces that  U b e  = / ) .  We claim that  ]? 

forces that  /)  is a club subset of P~n + disjoint from S. Clearly /)  is disjoint 

from S. To show that  /9 is cofinal, suppose that  x IF & E P~n +. Since Y is 

< n-distributive, there is x0 _< x and a such that  x0 IF ~ =/~. Let b be any set 

in P~n + \ S(n, n +) which is closed under H and F such that  

Define 

i Uxol  ÷ umax(xo) ua c b. 

y = x0 U{u E E: b A n  C u C b}. 

Then y is a condition refining xo and y IF a C_ b E/9 .  S o / )  is cofinal. 

Suppose that  x IF (/~i: i < fl) is an increasing sequence f r o m / )  with size less 

than n. Since ]? is < n-distributive there is y _< x and a family {a/: i < fl} such 

that  for each i < fl, y It- d i =  it~. Note that  since y forces that  a/ is in /9, ai 

must be in y. For otherwise we can extend y to a condition z for which it is 

impossible to add ai. Since y is closed, U{av i < fl} is in y. So y forces that  

U{/~/: i < fl} is in D. | 

We now verify the comments made prior to Lemma 4.1 concerning the 

relationship between ]?F and ]?s. 

PROPOSITION 4.9: Suppose that F: n +<W --+ a + is a partial function in V,  and 

in W ,  ]? is a ]?F-name such that ]?F * ]? is < n-distributive and n+-c.c. Then 
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I?F * l? forces that for every stationary set T C_ S(~, ~+), there is A C_ ~+ such 

that 

T = {a E S(n ,n+) :  supa  e A} 

modulo clubs. 

Proof: Let GF*Gp be generic for ?F*]? over W. Suppose that  T is a stationary 

subset of S(n, t~ +) in W[GF *Gp]. Let D be the club set of a in P~n+ such that  

a is in U GF and is closed under F and H.  Let 

A = {a < ~+: 3a E T n D s u p a  = a}. 

We show that  a is in T N D iff a is in S(n, ~+)N D and sup a is in A. Note that  

if a is in T N D then sup a is in A by definition of A. 

Suppose that  a i s i n  S ( n , n + ) N D  and s u p a i s i n  A. Fix b i n T n D  such 

that  supa  = supb =/3.  Let na = a N ~. Now go back to W. By Lemma 4.1, 

o.t.(a) = ~+ = cf(/3) = o.t.(b). So b N ~ = ha. Since a and b are closed under 

suprema of bounded subsets with cofinality different from cf(na), a n b is an 

unbounded subset of/3 and so I a n b] = la[ = [b I = ~+. But a n b is closed under 

H and F.  Since a and b are in U G F  NS(n ,n+) ,  F is Jonsson for a and b. Since 

a N b C_ a, a n b = a, and similarly a N b = b. So a = b, and therefore a is in T. 

I 

5. I terated forcing 

In the sections which follow we will need to iterate forcing posets for destroying 

stationary sets over different cardinals. These posets are distributive, but not 

strategically closed. The usual methods of Easton support iterations require 

that  the posets be strategically closed. To overcome this problem we use Prikry 

forcing techniques. 

In Section 2 we described how to turn a distributive forcing poset into a Prikry 

type forcing poset. So we can iterate the poset for destroying stationary sets by 

using iterations of Prikry type forcing posets. 

Magidor [11] first showed how to iterate Prikry forcing using conditions with 

full support. Gitik [5] used this style of iteration to construct a model with a 

non-splitting subset of P ~ + .  However, lifting an elementary embedding with 

such an iteration is problematic. To overcome this difficulty, Gitik [6] invented 

a method for iterating Prikry type forcing posets using conditions with Easton 

support. We will use Easton support Prikry iterations in this paper. 
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In this section we describe a general schema for iterating Prikry type forcing 

posets with Easton support, and give a sample application. 

An E a s t o n  s u p p o r t  P r i k r y  i t e r a t i o n  is an iterated forcing 

for some ordinal ~, satisfying the following properties: 

(1) there exists a set A C_ ~ consisting of strongly inaccessible cardinals such 

that  if Q~ is non-trivial, then a is in A, 

(2) P~ forces that  IQ~] < min(A \ (a + 1)), 

(3) P~ forces that  (Q~, <, <*) is a Prikry type forcing poser, 

(4) ]~a+l = ]l~a * ~x~, 

(5) if a is a limit ordinal, then ]?a consists of functions p with domain an 

Easton subset of c~ O A such that  p I/3 is in ~ for all fl less than a,  

(6) if a is a limit ordinal and p, q are in I?~, then q _< p if q r fl <_ P [ fl 

for fl less than a, and there is a finite set a such that  for all fl in dom(p) \ a, 

q [ fl It- q(fl) <_* p(fl), 
(7) if a is a limit ordinal, q _<* p in Fa if q _< p and the finite set a in (6) is 

empty; i.e. for all/3 in supp(p), q [/3 IF- q(•) _<* p(/3), 

(8) q~o _<* f a  in ]?~+1 if q <* p in FZ and q I~- b _<* 4. 

Such an iteration satisfies the Prikry property; see [6] for a proof. We say 

that  the iteration above is de f ined  on A. If p is a condition in ]?~, the s u p p o r t  

of  p, denoted by supp(p), is the domain of p as a function. 

If/3 is less than a, then ]?a factors into Y~ * QZ * F2,~. Suppose that  Q-r is 

forced to be 7-weakly closed for all 7 greater than 3; then (F2,a, _<*) is forced 

to be min(A \ (3 + 1))-weakly closed. Therefore FZ,~ does not add any bounded 

subsets to min(A \ (/3 + 1)). 

The following result follows from the usual proof of the corresponding fact for 

Easton support iterations. 

PROPOSITION 5.1: If  []?Z[ < a for all/3 less than a and a is a Mahlo cardinal, 

then ]?~ is a-c.c. 

The following lemma describes in more detail the sort of iteration we will use 

later. 

LEMMA 5.2: Suppose that ( P a , ~ :  c~ < nl is an Easton support Prikry 

iteration defined on a set A. Assume that for all a in A: 

(1) Y~ forces that Q~ is a-weakly closed and satisfies the direct extension 

property, 
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(2) there is #a and Aa such that 

a < #a < 2 (~<") _< A + < m i n ( A \  (a + 1)), 

(3) there is a normal ultra~lter on PaA~ with ja:  V -+ Ma = Ult(V, Ua) such 
that min(ja(A) \ (a + 1)) > Aa. 

Then for each a in A, ?a forces that a is pa-strongly compact. 

Proof." If a is not a limit point of A, then I?al < a, so the result follows. 

Suppose that  a is a limit point of A. Then 

ja (?o~)  ---- ?c~ * ~ * ?tai l  

where ?tai l  is forced to be min(ja(A) \ ( a +  1))-weakly closed. Let Ga be generic 

for ?a  over V. 

Since ?~ is a-c.c., every member of (P~#a) V[G"] is covered by a set 

in (p,~#,~)v. Since a is strongly inaccessible in V[G,~], I(Papa)V[C"] I = (tt<~) v. 

So we can enumerate all canonical ?a-names for subsets of P , # a  as 

(Xi: i < A+), possibly with repetitions. By the closure of Ma, every initial 

segment of (ja(Xi): i < A +) is in Ma. 

Now j , " G ~  = G~, so if H is generic for Q~ * ?tail over V[Ga], we can lift ja  

to ja:  V[Ga] -+ M,~[Ga * H] in V[G,~ * HI. Let G be generic for Q~ over V[G,~]. 
In V[G~, * G] define a <*-decreasing sequence (qi: i < A +) in ?tail as follows. 

Let qo = 1, and given qi, let qi+l ~* qi such that  qi+l decides the statement 

ja  "#~ 6 ja()( /) .  For limit 5 < A + apply the weak closure of ?tail to obtain q~. 

Note that  each initial segment of the sequence is in Ma [Ga * G]. 

Now Qa is a-weakly closed and satisfies the direct extension property (if Qa is 

the trivial poset, this is true vacuously). In V[G~] define U* by letting X 6 U* 

iff there is s _<* 1 in Q~ and J/i such that  ) ~  = X and 

Ma[Ga] ~ s IF-Q. qi+l [F-~t~, ja  "#a 6 ja(Xi). 

We show that  U* is a fine ultrafilter on Pa#a. 
First we prove that  the definition does not depend on i. Suppose X G~ = 

X~  ~ = X, where i < j .  Fix p in Ga which forces that  )~  = _~j. Now 

ja(P) = / ' 1  in j a (?a ) ,  and p is in Ga. Therefore 

M~[G~] ~ ~ * ?tai l  I~- ja(2~) = j~(Xj).  

Apply the Prikry property of Q~ to find s~, sj <* 1 such that  si decides which 

way qi+l decides the statement ja  "#a 6 ja(f~i), and similarly for sj and _~j. By 
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the direct extension property, si and sj are compatible, and j a ( ) ~ )  = j~ (X j ) .  

So clearly si and sj must decide their respective statements the same way. 

Similar arguments show that  U* is a fine ultrafilter. We show that  U* is 

a-complete. Suppose that  p is in G, / t  is a name for a subset of A+ with size less 

than a, and p forces that  (-~i: i E A) is a partit ion of Pa#~. Then ja(p) = p"l 

forces in j~(l?,)  that  j~ ( (2 i :  i E ~)) = ( j~(2i) :  i C a) is a parti t ion of j~(P~p~) .  

So 

Ma[ac~] ~ Q $ ]~tail II- ( j~(2i) :  i • a} is a partit ion of j~(P~pa) .  

Apply the a-weak closure of Q~ to obtain s, a direct extension of 1 in Q~, which 

decides which way that  qi+l decides the statement j~"p  • ja ( ) ( i ) ,  for all i in a. 

Clearly there must be some i in a such that  

Ma[Ga] ~ s It-Q<, qi+l I~-~tail j~"# • ja(Xi).  

So X/c~ is in U*. . 

We now give a sample application of the forcing poset from Section 4 and the 

Prikry techniques above to prove the following theorem. 

THEOREM 5.3: Suppose that GCH holds and there exists a ~++-supercompact 

cardinal a. Then there exists a model in which ~ is ~+-supercompact and almost 

all a in S(s ,  a+) satisfy that a M ~ is strongly inaccessible. 

There are limits to this sort of result; see Proposition 5.7 below. In the next 

section we give a more elaborate construction of a model in which almost all a 

in S(~, a +) satisfy that  cf(a N a) = co. 

Start  with a model V in which s is ~++-supercompact and GCH holds. Let Ii~ 

be the Radin forcing for adding a club C of V-regulars to ~, while preserving the 

s++-supercompactness of s. Let GR be generic for I~ over V and let W = V[GR]. 

We would like to force with the poset ]Ps which destroys the stationarity of 

the set of a in S(~, ~+) such that  aA s is not strongly inaccessible. But in order 

to preserve the s+-supercompactness of n, or even to preserve the stationarity 

of S(s ,  ~+), we need to iterate posets like Ps  below a. 

Let A be the set of/7 < ~ in lim(C) such that  B is B+-supercompact. We 

define an Easton support Prikry iteration 

< 

Suppose that  PZ is defined for some fixed B in A U {a}. Let S~ be a lPz-name 

for the set of a in S(~,/7+) such that  a M/7 is not strongly inaccessible. Le t / )B  
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be a ]Pz-name for the set of c~ </3+ such that  cf(a) = #+ for some # < ~ which 

is not strongly inaccessible. 

We claim that  ]?Z forces that  

= {a  • s u p a  • 

For suppose that  a is in S~. Then a is in S(/3,/3 +) and a N/3 is not inaccessible. 

Since cf(supa) = (aN/?) +, supa is in B~. On the other hand, suppose that  a is 

in S(~, ~+) and supa is in Bf~. Then o.t.(a) = (an/3) +, so cf(supa) = (aN/?) +. 

Since sup a is in B~, a n/3 is not inaccessible. 

So S~ is of the form required to define the </3-distributive, /3+-c.c. forcing 

poset Ps~ from Definition 4.2. 

By Lemma 5.2, P~ forces tha t /3  is/?+-strongly compact. The forcing poset 

]?s, is </3-distributive, has size/3+, and has no more than/3+-many maximal 

antichains. By Lemma 2.3 there exist a Prikry type forcing poset (Q2,-<,-<*) 

which is/?-weakly closed, has the direct extension property, and (Q, _<) is equiv- 

alent to Psi .  So at stage/3 we force with (Q2, -<). 

This completes the definition of the iteration. Let S = S~. Clearly P~ * ]?s 

forces that  for almost all a in S(a, ~+), a n a is strongly inaccessible. It remains 

to check that  P~ * Ps preserves the tc+-supercompactness of ~. 

Fix an elementary embedding j:  W ~ M such that  crit(j) = to, j(~) > ~++, 

and ~++M C_ M. By GCH, any ultrafilter on P ~ +  has size ~++ and therefore 

is in M. So M models that  t~ is ~+-supercompact and t~ is in j(A).  Enumerate 

all canonical P~ * Ps-names for subsets of P ~ +  as {)(i: i < ~++}. Write 

j(P~) = 17,~ * Q~ * ~tail, 

where (1~ is a Prikry type forcing poset which is equivalent to IFs and Ptail is 

forced to be a+3-weakly closed. Let G~ * Gs * Gtai l  be generic for P~ * ]?s * ]~tail 

over W. In W[G~ * Gs * Grail] the map j can be extended to 

j: WIGs] ~ M[G~ * Gs * Gtail]. 

Let M1 = M[G~ * Gs * Grail] .  

Now we construct a master condition. In M1 define 

t = U J " G s  U {u • j (E) :  a C u C j"~+}.  

LEMMA 5.4: The set t is a condition in j (Ps)  and t _< j(x)  for all x in Gs. 

Proof: It suffices to prove that  t is the closure of U J"G in M1 under unions 

of C_-increasing sequences. For if this is true, then Lemma 4.4 and the fact that  
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is strongly inaccessible in M1 imply that  t N j(S) = 0 and t is a condition in 

j(]~s) which is below j (x )  for all x in Gs. 
Clearly the set {u • j (E) :  g c_ u c_ j " n  +} is itself closed. Since Ft~il is a+3_ 

weakly closed, U Gs remains a club subset of P~a+ in M1. Therefore U J"Gs 
is closed under unions of C_-increasing sequences with length less than a. On 

the other hand, suppose that  (j(a~): i < a) is C-increasing. Then the sequence 

of ordinals 

(j(ad n j(~):  i < ~) = (ai n ~: i < ~} 

must be unbounded in a, since o.t.(ai) -- (ai N a) + and the ai 's are getting 

larger. Therefore 

must satisfy that  a C u C j"~+.  So the closure of U J"G is contained in t. 

To show that  the closure is equal to t, by Lemma 4.4 (3) it suffices to show 

that  for any u in E with ~; C u C j " a + ,  there is v in the closure with u C_ v. 

Suppose first that  lul = a. Let (~i: i < a} enumerate u. Inductively define a 

C-increasing sequence (a~: i < ~} from U Gs by choosing ai+l so that  j(ai+l) 
contains ai  and i as members. Then u C U j ( a i )  and U j ( a i )  is in the closure 

of U J "Gs. In particular, this proves that  all initial segments of j "a + which are 

in E are in the closure of U J"Gs, and we can write j " a  + as the union of such 

initial segments. Hence j"t~ + is in the closure of U J"Gs and t is equal to this 

closure. II 

LEMMA 5.5: In W[G~ * Gs], t~ is t~+-supercompact. 

Proof: For each i < ~++, let Di be the dense set of conditions in j(]Fs) which 

decide the statement j " a +  E j()~i). Since j(Fs.) is < j(a)-distr ibutive and 

a++ < j (a ) ,  D = N D i  is a dense set. So fix s _< t in D. Let ~ be a Ftail-name 

for s. Tha t  is, ~ is a name such that  I~tail forces that  ~ decides the statements 

J"~+ • j(Jii), and s _< j (x )  for all x in Gs. 
Apply the weak-closure of I~tail tO get a condition q in ]~tail such that  for all 

i < a ++, q decides the statement 

lt-j(ps) j " a +  E j ( 2 i ) .  

Define U in W{G~ * Gs] by letting Xi be in U if 

q I~-pt~i~ ~ I~-j(ps) j "g+  C j(Xi). 
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We claim that  U is a normal ultrafilter on P ~ + .  The proof that  U is well- 

defined and is a fine ultrafilter on P~a+ is essentially the same as the proof of 

Lemma 5.2. 

For normality, suppose that  pax is in G~ * Gs and forces that  ]: P ~ +  ~ a+ 

is a regressive function. Then j(pAx) = p~Y'Y'j(x), which is above the condition 

p"l~"s.  So 

M[G~ * as] ~ q I~- s It- j ( ] ) :  Pj(~)j(~+) --+ j(~+) is regressive. 

Applying the weak closure of ~tail and distributivity of j(l?s~), we can choose 

q1%1 <_ q"s and ~ < ~+ such that  

ql IF Sl IF j ( ] ) ( j "a  +) = j(fl). 

Let X-i be a name for the set {a E P~a+: f(a) = fl}. Then 

ql IF sl IF j"t~ + C j (Xi) .  

Since q~'i decides the statement j " a  + E j (Xi) ,  clearly 

q I~ ~ t~ j"~+ e j ( )~)  

and Xi is in U. Therefore U is normal. | 

This completes the proof of Theorem 5.3. 
We cannot replace "strongly inaccessible" in the last result with "super- 

compact", as we see next. 

LEMMA 5.6: If  fl is fl+-supercompact, then there is a stationary set of a in 
S(I~,/~+) such that a n/~ is not (a n/~)+-supercompact. 

Proof: Let S be the set of a in S(~,/3+) such that  a n t i  is not (aN/~)+- 
supercompact. Fix U a normal ultrafilter on P~fl+ which is minimal in the 

Mitchell ordering of normal ultrafilter on PZ/~+. Let j :  V -+ M = Ult(V, U). 

Since M contains all subsets of P~/3 + and U is minimal, M models that  fl is not 

t3+-supercompact. So j " ~ +  is in j(S).  Suppose that  C is club subset of Pf~13 +. 

Then j "C is a directed subset of j (C) with size less than j (fl), so U J "C = j "fl+ 

is in j(C) Nj(S).  By elementarity, S a C  is non-empty. So S is stationary. | 

PROPOSITION 5.7: Suppose that S(n ,n  +) is stationary. Then there is a 

stationary set of a in S(n, t~ + ) such that a n ~ is not (a fq n)+-supercompact. 

Proof: Suppose that  S(n, t¢ +) is stationary. Let C be a club subset of P~n+. 

Fix a function f :  ~+<~ --+ e; + such that  any set a in P~n+ which is closed under 
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f is in C. We will find a set a in S(~, ~+) which is closed under f such that  

a fq t~ is not (a N ~)+-supercompact. 

Fix b in S(~, ~+) which is closed under f .  If bat ;  is not (bn~)+-supercompact  

then we are done. Otherwise b A ~ = ~b is ~b+-supercompact. Let 7r: ~+ --+ b be 

the unique order preserving bijection. Note that  crit 7r = nb- Define fb: t~ +<~ --+ 

~+ by letting 

fb(C~0,..., C~n) = 7r -1 (f(Tr(c~0),..., 71"(O~n))). 

Since nb is ~+-supercompact, by Lemma 5.6 there is c in P~b~ + such that  c 

is closed under fb, o.t.(c) = (c A rib) +, and c N ~b not (c N nb)+-supercompact. 

Let a = 7r"c. It is straightforward to cheek that  a is closed under f .  Then 

a N ~  = 7r"cN~ = CN~b and o.t.(a) = o.t.(c) -- (ChUb) +. So a is in S(~,t~+)fqC 

and a n ~ is not (a N ~)+-supercompact. | 

6. S(~, t¢ +) and cofinalities 

In this section we give another application of the forcing poset from Section 4 

to prove the following theorem. 

THEOREM 6.1: Suppose that GCH holds and ~ is t~+4-supercompact. Then 

there exists a model in which ~ is a non-Mahlo inaccessible cardinal, GCH 

holds, S(t% n +) is stationary, and for almost all a in S(n, n+ ), cf(a N ~) = w. 

Start  with a model V in which n is +4 n -supercompact and GCH holds. Let 

W be a generic extension of V by a Radin forcing ~ which preserves the n +4- 

supercompactness of n and adds a club set C C_ n such that  every a in C is 

regular in V. 

Let A be the set of/3 < n in lim(C) such tha t /~  is ~+-supercompact.  We 

define an Easton support Prikry iteration (]Fi, ~i:  i < n) such that  Q~ is non- 

trivial iff c~ is in A. We will split the definition of Q~ into three cases. So 

parti t ion A into disjoint sets as follows. Let A1 be the set of ~ in A such that  

/~ is/~+-supercompact but not/~+2-supercompact, and let A2 be the set of fl in 

A such that  ,~ is/~+2-supercompact but not/~+U-supercompact. Let A3 be the 

set of fl in A such that  ~ is/3+3-supercompact. 

Suppose that  PZ is defined for a fixed fl in A. Let SZ be a Pz-name for the set 

of a in S(f3, fl+) such that  a f~ ~ is a singular ordinal with uncountable cofinality. 

Let Ps~ be a P;~-name for the forcing poset for destroying the stationarity of 

S~. 

The definition of Q2 depends on which set A~ the ordinal/~ is in. Suppose 

that  fl is in A1. By Lemma 5.2, P~ forces that  ~ is/~+-strongly compact. By 
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Lemma 2.3 there is a Prikry type forcing poset Qe which is /3-weakly closed, 

has the direct extension property, and is equivalent to ~s~. 

Suppose that /3  is in A2. By the same argument as in Lemma 5.5, ?Z * ?s~ 

forces that /3  is/3++-supercompact. Apply Lemma 2.4 to choose a Prikry type 

forcing poset ~2 which is/3-weakly closed, satisfies the direct extension property, 

and is equivalent to ?s~ * I~ (U) ,  where U is a name for a normal ultragilter on 

P~/3+. 

Suppose tha t /3  is in A3. We will prove that  ~ * Fsz forces that  there is a 

/3-complete ultrafilter UZ on/3 which contains the set A2 n/3. We then define 

Q2 as a Prikry type forcing poset which is equivalent to ]~z~ * £]~(Uz). 

LEMMA 6.2: The poser ]P~ * ~s~ forces that there is a ~3-complete ultral~lter U~ 
on/3 which contains the set A2 A/3. 

Proof: Let j :  W --+ M = Ult(W, U) for some normal ultrafilter U on pz/3+3 

which is minimal in the Mitchell ordering. Note that /3  is in j(A~). Write 

j(~/3) : ]~/3 * ~ * ]~tail 

where ~ is a Prikry type forcing poset equivalent to l~s~ * ]?R(/3,/3+). Let 

G~ * Gs be generic for ?/3 * ]~s~. 

Let ~ be a IP]~(/3,/3+) • £tau-name for the closure under unions of C_-increasing 

sequences of the set 

U J " C s  U {u E j (E) : /3  C_ u C_/"/3+} 

in the generic ultrapower, where Gs is the generic filter for ]?s,. We will show 

that  k is forced to be a master condition. 

Let GZ * Gs * H * Gtail be generic for j(FZ) over M. Let M1 = M[Gz • Gs * 

H * Grail]. Extend j to j :  WIGs] --+ M1. The poset ~tail is SUfficiently weakly 

closed, so s is in M[G~ • Gs * HI. Since j"Gs is a directed subset of j(Ps),  
s satisfies all the conditions of Lemma 4.4, and in particular end-extends each 

member of j"Gs. So in order to check that  s is a condition in j(]Ps), we need 

to show that  s is disjoint from j(S).  

Write 

s* = {a E s: a n  j(~3) </3}. 

Note that  

s = s* U {u C j (E) : /3  C_ u C_C_ j"/3+}. 

Since cf(j"/3+ R j(/3)) = cf(/3) = w in M1, it suffices to show that  s* is disjoint 

from j(S).  
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Define {t~: i • On} as follows. Let to = U j " a s ,  and t6 = U{ti: i < 5} for 

limit (f <__ ~. For each i, let ti+l be the collection of sets a such that  a is the union 

of an increasing sequence (aj: j < ~) of elements from ti with length less than 

/3. Let ~ be the first ordinal such that  t¢+1 = t¢. Then s* = U{ti: i < (}. We 

only need to take unions of sequences with length less than/3  in the successor 

case since any strictly increasing sequence with length at least/3 has a union 

which contains/3. 

SUBLEMMA 6.3: If x is a set in M[G~] with size less than/3 and y C_ x in M1, 
then y is in M[G~]. 

Proof: Since Ps ,  is </3-distributive and FIR(/3,/3+), Ptail  is/3-weakly closed 

over M[Gz * Gs], Ps, * PIR(/3,/3+), Ptail does not add bounded subsets to/3 over 

M[Gz]. By considering a bijection between x and its cardinality in M[G~], it 

is clear that  the poset does not add subsets to x. I 

SUBLEMMA 6.4: S* n W[G~] = to. 

Proof: Since Gs C_ W[G~] and j [/3 + is in W[G~], clearly to C_ s* N W[G~]. 
We prove by induction on i < ~ that  tiNW[Gz] C_ to. The claim is obvious for to 

and for limit stages. Suppose that  tiNW[Gz] C_ to for a fixed i < ~, and let a be 

in ti+l N W[Gz]. Fix an increasing sequence (aj: j < ~) from ti whose union is a. 

Since a is in W[Gz], it is in M[Gz], so each aj is in M[G~]nti c_ W[Gz]nti c_ to. 
Since :p(a) is in M[Gz], so also is the set {aj: j < ~}. But to is a closed subset 

of Pz(j"/3 +) in M[Gz * Gs], so a = U{aj:  j < ~} is in to. I 

SUBLEMMA 6.5: The set s* is disjoint from j(S). 

Proof." It suffices to prove that  whenever a is in s* and o.t.(a) = ( a n  j(/3))+, 

then either cf(a N j(/3)) = w or a n j(/~) is strongly inaccessible. Suppose that  a 

is in s* and o.t.(a) = (aNy(/3)) +. Let b = j - l [ a ] .  Note that  bAi l  = aNy(/3),  

so it suffices to show that  b N/3 is either strongly inaccessible or has cofinality 

w. Consider the case when a is in W[Gz]. Then by the last sublemma, a is in 

to, so clearly a = j(b) and b is in U G s .  Then b is in S(/3,/3 +) N U G s ,  therefore 

b n/3 = a N j(/3) either has cofinality w or is strongly inaccessible. 

Suppose that  a is not in WIGs]. Let # = b N/3 and let q, = sup b. Note that  

#+ is the same in M[Gz] and M1. We claim that  cf(~) M[G~] = #+. Since ]Ptail is 

weakly closed enough that  it does not add subsets to/3+, it does not change the 

cofinality of q,. But I?s, * IPI~(/3,/3+) only changes cofinalities to w. This is true 
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because lPs~ preserves all cofinalities, since it is < fl-distributive and fl+-c.c.; 

also I?N(/3,/3+) does not add bounded subsets to/3,  changes the cofinality of/3 

and/3+ to w, and is fl++-c.c. So ~/must have cofinality #+ in M[G~]. 
Define an increasing sequence (di: i < #+) in M[G~] as follows. Let do be any 

club subset of ~ with order type #+ and # C_ do. Take unions at limits. Given 

di, define 

d~ = di U H " d  <~ 

and define 

di+l = d~ U lim(d*). 

Now let d = U{di: i < p+}. Then d is closed under H,  has size #+, and d n 3 '  

is a club subset of "y which contains ft. Note that  b is closed under H. Let 

u = d nb .  Then u is closed under H.  Since u is a subset of d, ]d] < fl, and d 

is in M[Gz], u is in M[G~]. The set u = b N d has order type #+ and so is in 

S(/3,/3+). Also 

p = a N  j(fl) C j(u) Ca 

and j(u) is in j (E ) ,  so by Lemma 4.4 (3), j(u) is in s*. Since j [ / 3+ is in W[Gz], 
j(u) = j"u is in s* n W[Gz]. So by the last sublemma, j(u) is in to = Uj"Gs. 
Therefore u is in U GsNS(fl , /3+),  and so either # = uNfl is strongly inaccessible 

or has cofinality w. I 

Enumerate all canonical PZ * Psi-names for subsets of/3 as (-~i: i < /3+). 

Let GZ * Gs be generic for P~ * Ps~ over W. Let k be a name for the master 

condition defined above. 

Since j(]Ps~) is j(/3)-distributive, let i be a name for a refinement of k which 

decides the statement/3 E j(32~) for every i < /3  +. Let q be a condition in ~tail 
which decides each statement s Ik fl E j ( ) ( i ) .  Define U~ in W[G~ * Gs~] as 

the set of Xi such that  there is a condition p in ~It~(/3, fl+) which is a direct 

extension of I and 

p Ik q I}- tit-/3 E j ( ) ( i ) .  

Recall that  whenever A is a collection of less than/3  many direct extensions of 

1 in IPll~(fl,/3+), there is p such that  p _<* Po for all Po in A. Using this fact it is 

straightforward to check that  U¢ is a fl-complete ultrafilter and contains A2 n ft. 

This completes the proof of the lemma. I 

Let lpsing denote the poset I~singNfl from Section 2 for adding a club set to 

Sing Aft using closed, bounded subsets ordered by end-extension. 
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LEMMA 6.6: The poset IF~3 * £s~ forces that there is a projection mapping 

r~/~sing~ 

w h e r e  ll~sing -/3 is a name for the poser for adding a club to the set/~ fl Sing. 

Proof." Let G/3 * Gs be generic for ]P/3 * IPs~ over W. We describe a canonical 

way to define a generic for --/31~sing over W[G/3 * Gs] from a generic for IPIR(U/3). 

Working in the model W[Gz * Gs], enumerate ]p~ng as (c~: i < /~). Let H be 

generic for IPIR(U/3) and let (3n: n < co) be the generic Prikry sequence given by 

H. 

We define by induction a sequence (d~, an: n < w} satisfying the following 

induction hypotheses: 

(1) each an is in A~, 

(2) (an: n < co) is a subsequence of (/3n: n < co), 

(3) dn is in l?~ ng in the model W[G~ *Gs~. ], where Ga,~ *Gs.~ is the generic 

filter for ]?~,~ * Fs~. given by G/3, 

(4) dn+l is an end-extension of d~, 

Let do = c/3 o. Let ao be the least element in the Prikry sequence such that  

ao > max(do) and for all a >_ ao in the Prikry sequence, a is in A2. Since do is 

a bounded subset of ao and 1?/3 = ]?ao * ]?s~o * IPN(ao, a+) * ~tail, clearly do is 

in W[G~ o * Gs~o ]. 
Suppose that  dn and an  are defined. Since a~ is in A2, 

lt~an-t-1 ~- ]Pan * ]~Sa.. * ]I~]I{(OLn, O:n4-) • 

Let Gan+l = G~. • Gs~. * H ~  be the generic for I?~+1 given by G/3. Since 
(-~sing for  ]psing --a.,~sing is < an-distributive and has size an, there is a generic filter --a,~ -~n 

over W[G~ * Gs.~] in the model W[Ga~+I] which contains the condition dn. 
Define 

dn+l = U--a~(~sing I..J {O~n}. 

Let O~n+ 1 be the least element of the Prikry sequence greater than an. Since an 

has cofinality co in W[G~n+I], dn+l is a condition in ~sing This completes the 
- - ~ n + l  " 

induction. 

Let d = U{dn: n < w} and let 

G sing = {d f"l ( 7 +  1): 7 < / 3 } .  

We prove that  G sing is generic for I?~ ~g over W[G/3 * Gs]. 
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Let D be a dense subset of ~sing in W[Gz * Gs]. Define -8  

B = {a E A2: D n _~ing is a dense subset of --~]~:Dsing in W[G~ * Gs~]}. 

We claim that  B is in U. It suffices to prove that  in M[Gz * Gs]: 

]?R(fl, fl+) I}- q It- s Ik fl E j (B) ,  

where q and s are the names we constructed to define UZ. So let G * Gtail * g be 

generic for 17I~(/3,/3 +) * ]Ptail * j(Sf~) such that  q is in Gtail and t is in g. Since t 

is a master condition, we can extend j to 

j: W[Gz * G g~] --+ M[Gz * Gs * G * Gtail * g]. 

]]~sing ~sing = D. But D is a dense subset of Since j [ ~Z is the identity, j (D)  N ~ 
]~sing in M[Gz * G ~ ] ,  so by the definition of B we have/3 E j (B ) ,  and B is in 

uz. 
Since a tail of the Prikry sequence is contained in B, fix an such that  D A F t .  ~g 

(~sing is generic, fix a in is a dense subset of Fsing in W[Ga. * Gs.n ]. Since _~,~ 

D n ('~sing Then clearly a is in D n G sing. So indeed G is generic. | , , ~ o / n  • 

Note: The proof of Lemma 6.6 is similar to a method used by Gitik in [6]. 

This completes the definition of the iteration. Let S be a F~-name for the set 

of a in S(~, ~+) such that  a n ~ is a singular ordinal with uncountable cofinality. 

We force with the poset ]?~ * Fs  * ]~sing, where ~sing adds a club through ~ n Sing. 

Let G~ * Gs  * G sing be generic for F~ * IPs * ~sing over W. Let D = U Gs,  which 

is a club subset of P ~ + .  By definition of S, if a is in S(,~, ,~+)OD, then aN ~  is 

either inaccessible or has cofinality w. But ,~ is non-Mahlo in W[G,~ * Gs * Gsing], 

so there is a club of singulars in ~. It follows that  for almost all a in S(~, ~+)ND, 

a n ,¢ is singular, and therefore has cofinality w. The only thing left to prove is 

that  S(,¢, ~+) remains stationary. 

Fix an elementary embedding j :  W --+ M in W with c r i t j  = ~, j (~)  > ~+4, 

and ~+~M C_ M. By GCH ~ is a ~+3-supercompact cardinal in M, so ~ is in 

j(A3). Write 

j(IPn) -- ~ * Q~ * ]~tail 

w h e r e  ]~tail is forced to be n+5-weakly closed and ~ is equivalent to I?s*?~(U~), 

where U~ is an ultrafilter on ,~ which contains A2. Since n is in j(A3), by Lemma 

6.6 ]?~ * ]?s forces that  there is a projection mapping 

~ ( U g )  ~ ~ ( ~ s i n g ) .  
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Let G~ • Gs * G sing * G* * Gta i l  be generic over W for the poset 

Let M1 = M[G~ • Gs * G sing * G * ,  Gta i l ] .  Extend j to j:  W[G~] ~ M1. 

We would like to further extend j to W[G~ * Gs * Gsing]. In order to do this 

we construct a master condition in M1 for J(]?s * ]?sing). Note that  j(c) = c for 
all c in G sing. Define sl by 

Since ~ has cofinality w in M1, it is straightforward to check that  sl is a closed 

bounded subset of j(t~) N Sing which end-extends j(c) = c for all c in G sing. 

Define So as the closure under unions of increasing sequences in M1 of the set 

U J " G s  U {u • j (E) :  ~ C u C j"~+}.  

Exactly the same argument as in the proof of Lemma 6.2 shows that  so is a 

master condition in j (Ps) .  

So the condition <s0,sl> is a master condition. Let 9 be a generic for 
j ( ] ~ S  * ~sing) over W[G~ * Gs * G sing * G* * Gta i l ]  which contains (So, sl). Then 

j extends to 
j: W[G~ * Gs * G sing] --+ MI[g]. 

We show that  S(n, n+) is stationary in W[G~ * Gs * Gsing]. Suppose that  C is a 

club subset of P~n+. Since n+w is a cardinal in Ml[g], j"t~ + is in j ( S (n ,  ~+)). 

Also j " C  is a directed subset of j (C)  with size less than j(t~), therefore 

U J " C  -- j " a +  • j (C)  n j (S(a ,  g+)). 

By elementarity, S(a, a+) n C is non-empty. So S(a, t~ +) is stationary. 

This completes the proof of Theorem 6.1. 

7. S(~, ~+) can be non-spllttlng 

In this section we prove the following theorem. 

THEOREM 7.1: Suppose GCH holds and there exists a ~+3-supercompact 

cardinal ~. Then there exists a model in which ~ is strongly inaccessible and 

N S  I S(~, ~+) is ~+-saturated. 

We will need the following result, which is a variation of the proof due to 

Tryba and Woodin [13] that  successors of regular cardinals are not Jonsson 

cardinals. 
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PROPOSITION 7.2: Suppose that j3 is a regular cardinal. Then there is a partial 

function F:/3 +<~ -+/3 + such that whenever Q is a forcing poset which preserves 

stationary subsets of/3 +, then Q forces that F is Jonsson for/3 + . 

Proof: Part i t ion/3 + n cof(fl) into disjoint stationary sets (Si: i < /~+). For 

each limit ordinal a below /~+, fix a set d~ closed and unbounded in a with 

order type cf(c 0. Define a partial function F as follows: 

(1) F(~  + 1) = ~, 

(2) F(~, ~) is the unique i such that  ~ is in Si, 

(3) F ( a ,  ~f) = min(d~ \ ~) when "y < a and a is a limit ordinal. 

Let G be generic for Q over V. In V[G] suppose that  A is a subset of/3 + 

with size 13 + and is closed under F.  By the assumption on Q, each Si is still 

stat ionary in V[G]. We claim that  for all i < /3  +, the set A n Si is non-empty. 

This is enough, since if ~ is in A n S~ then F(~, ~) = i is in A, so/3 + C_ A. 

Since Si is stationary in V[G], fix ~ in Si N lim(A). We show that  ~ is in A. 

Otherwise let a be the least element of A greater than ~. By (1), a is a limit 

ordinal. By (3), da is unbounded in 4. Now o.t.(da) _< ~, and since d a n  ~ is a 

proper initial segment of da, o.t.(da n~) </3. But da N~ is in V, so cfY(~) < ~. 

This is a contradiction since ~ is in S~ C_ cof y (/3). I 

Using this proposition we can obtain some information about non-splitting 

subsets of P~a+. 

COROLLARY 7.3: Suppose that S is a stationary subset of P~a + such that  

N S  I S is n+-saturated. Then there is a club set C such that: 

1. S N C C_ S(a, ~+), 

2. for all a C b in S N C, lal < b n ~. 

Proof: Let F:  a +<~ -+ a + be a partial function as in Proposition 7.2. Let S* 

be the set of a in S such that  a n g is a limit cardinal, o.t.(a) -- (a N a) +, and 

F is Jonsson for a. Suppose that  a and b are in S* and a C b. Then since a is 

closed under F and F is Jonsson for b, lal < Ib] -- (bAR) +. But la] is a successor 

cardinal and b N a is a limit cardinal, therefore la] < b n a. So it suffices to show 

that  T = S \ S* is non-stationary. 

Suppose for a contradiction that  T is stationary. Let U be a generic filter for 

(NS  r S) + with T in U. Let j :  V --+ M be the generic elementary embedding 

induced by U. Since (NS  r S) + is a+-c.c., by Proposition 7.2 the function F 

is still Jonsson for a + in V[U]. It is straightforward to check that  this implies 
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that j(F) is Jonsson for j "a+  in M, and therefore j "a+  is in j(S*). So j "a+  is 

not in j(T), which contradicts the fact that T is in U. | 

The remainder of the section will be devoted to proving Theorem 7.1 by 

constructing a model in which NS [ S(a,n+) is a÷-saturated. Start with a 

model V in which GCH holds and ~ is a a+3-supercompact cardinal. Let W 

be a generic extension of V by a Radin forcing l~ which preserves the a +3- 

supercompactness of ~ and adds a club set C to ~ with order type ~ such that 

every a in C is regular in V. For each strongly inaccessible/3 < ~ choose partial 

functions HZ and FZ in V as in Lemma 4.1 and Proposition 7.2. 

Let B be the set of/3 < ~ in lim(C) such that/3 is/3++-supercompact. We 

define an Easton support Prikry iteration (I?i, Qi: i < ~) as follows. Suppose 

that ?Z is defined for some/3 < n. If/3 is not in B, then let q~2 be trivial. 

Suppose that/3 is in B U {n}. Let G~ be generic for P~ over W. We describe 

a forcing poser 

]?F~ * ~ 

in W[GB] and then define a Prikry type forcing poset Q2 which is equiva- 

lent to it. This will complete the definition of ?~ * ]?F~ * P~. Let I?F~ be the 

< /3-distributive, fl+-c.c, forcing poset from Definition 4.2 for destroying the 

stationarity of the set of a in S(/3,/3+) such that FZ is not Jonsson for a. Let 

GF be generic for PF~ over W[G~]. 
Working in W[G~ * GF], fix a surjective function f:/3++ -4/3++ ×/3++ such 

that 

Vo~,i,j </3++(f(a) = (i,j) ~ i <_ a). 

Let E be the set of a in P2fl+ which are closed under H~ and F2. We define a 
</3-support forcing iteration 

and a family of names 

(27: </3++} 
by recursion on a </3 ++. The following properties will hold for each a: 

(1) ]?~ is < fl-distributive. 

(2) Let D~ denote the set of q in F~ such that for all ? in supp(q) there is x 

in the ground model W[Gz * GF] such that q('y) = ~. Then D~ is dense. 

(a) IDOl </3 ++ if a < fl++. 
Note that D~ C D] for i < j.  
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First we consider the successor case. Suppose that P~ is defined and satisfies 

the required properties for a fixed a < fl++. Since D E has size less than/3++, we 

can enumerate all canonical DE-names for stationary subsets of S(/3,/3+) N U GF 

as (X~: i < /~++). Write f (a )  = (i,j}. Then i < a,  so )(~ is defined. By 

Proposition 4.9 and the recursion hypotheses, X~ is of the form required to 

define the </3-distributive,/3+-c.c. poset ~2~ from Definition 4.2 which destroys 

the stationarity of X-j. So let ~ = ]PR~. It is straightforward to check that (1), 

(2), and (3) hold for ~ + 1 .  

Now we consider the limit case. Suppose that  a _</3 ++ is a limit ordinal and 

F~ is defined as required for all ~ < a. Define ]?~ by taking conditions with 

</~-support.  That  is, a condition in ]?~ is a sequence p with domain a subset 

of a with size less than fl such that p [ "7 is in ?~ for all -y < a. 

Now we verify properties (1), (2), and (3) for ~ .  First we prove (2) by 

showing that D~a is dense. 

LEMMA 7.4: Property (2) holds for ]?~ 

Prod: Let p be a condition. If cf(a) > 13 then there is ? < a such that 

supp(p) C_ 7. Then p is in P~, so by the recursion hypotheses there is q _< p in 

D~. But then q is in D E. 

Suppose, on the other hand, that cf(a) < ~. Choose an increasing sequence 

(ai: i < cf(a)) unbounded in a, with ao = 0. Exactly as in Proposition 4.6 

construct an increasing and continuous sequence of sets (Ni: i _< cf(a)) closed 
under H and F such that for some function f : /~ ~ / 3 +  in V, for all i <_ cf(a): 

(1) Ni N/~ = 5i is in lira(C), 

(2) f % = N~ n 9 +. 
Choose No to contain as elements the sets P~, p, C, H,  E, (ai: i < cf(a)),  and 

(D~: i < a). We construct a decreasing sequence of conditions (Pi: i ~ cf(a)} 

satisfying: 

(3) (pj: j <_ i) is in Ni+l, 

(4) Pi r a i  is in D ~ ,  

(5) for all ~ in supp(p~) N ai, Ni N/3+ = max(p~(?)), 

(6) p~(~) = p(~) for all ~ <__ ~ < a. 

Suppose that  p~ is given satisfying the requirements. Let p* be the <~-least 

extension ofpi r a~+l in D ~ + .  Define Pi+~ as follows. For each ~ in the support  

of p~, define 

p~+l(~) = p~(~) u {u e E: N~+I n/3 c u c N~+I n/3+}. 
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For each ~ in supp(pi) \ a i+l ,  let Pi+l ({) = Pi(~)- It is straightforward to check 

that Pi+l satisfies the inductive requirements. 

Suppose that  7 -< cf(a) is a limit ordinal and Pi is defined for all i < 7. 

Define p~ as follows. The support of p~ is U{supp(pi): i < 7}. Let ~ be in this 

support. If ~ _> a ,  then let p~(~) = p(~). Otherwise there exists i < 7 such 

that (pj (~): i _< j < ?) is a sequence of canonical names for sets in the ground 

model. Apply Lemma 4.5 to this sequence to obtain p~(~). 

This completes the construction. The condition Pcf(c~) refines p and is in D~. 

Therefore property (2) holds. II 

Now we verify property (1) by showing that ]P~ is/3-distributive. This proof 

is basically the same as the proof of property (2). 

LEMMA 7.5: Property (1) holds/'or ?~a. 

Proof: Suppose that (Di: i < 5) is a sequence of less than/3 many dense subsets 

of I?~. Suppose that  p is a condition. Choose an increasing and continuous 

sequence (Ni: i _< 5} of sets closed under H and F such that for all i _< 5: 

(1) Ni n/3 = 5i is in lim(C), 

(2) f"hi = Ni n/3+. 
Choose No to contain as elements the sets IP~, p, C, H,  E, (ai: i < cf(a)),  

and (Di: i < 5). We construct a decreasing sequence of conditions (Pi: i _< 5) 

satisfying: 

(3) (pj: j <_ i) is in Ni+l, 
(4) Pi+l is in D~ n Di, 

(5) for all 7 in supp(pi), Ni N/3+ max(pi(~)). 

The construction is straightforward and uses Lemma 4.5 for the limit stages. 

For property (3), first suppose that cf(a) >_/3. In this case 

so clearly IDOl < /3÷÷ if a < /3++. Otherwise fix an increasing sequence 

(ai: i < cf(a)} unbounded in a. Then D~ is the set of p in ]P~ such that 

p[a i  is in D ~  for each i. Since each [D~ I </3++, IDOl _< (/3+)cf(a) =/3+.  

This completes the definition of the forcing iteration and the proof of prop- 

erties (1), (2), and (3). Let ~ = ~ + +  and D ~ = U{D/~: i < /3++}. Then 

FFr~ * F~ is </3-distributive and has size/3++, and D ~ is dense in ~ .  
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LEMMA 7.6: The poser P~ is ~+-c.c. 

Proof." Suppose for a contradiction that  ]P~ is not ~+-c.c. Then there is an 

antichain (Pi: i < 8 +} in D ~. Without  loss of generality, for each i and for each 

ct in the support of pi, pi(c~) = x~Vi for some x~i in W[Gz * GF]. Applying the 

A-system lemma we can assume that  there is d _C 8 ++ with size less than 8 such 

that  supp(pi) M supp(pj) = d for i < j .  Let ai = U{max(x~):  c~ • supp(pi)}. 

Again by the A-system lemma we can assume there is e C 8 + with size less than 

8 such that  ai M aj = e for i < j .  Now there are less than 8 many possibilities 

for a sequence (P(e) M x~: c~ • d), so we can assume that  all such sequences are 

equal for different values of i. 

Consider any i < j .  Since pi and pj are incompatible, then exactly as in the 

proof of Proposition 4.7 there is c~ in d and (without loss of generality) a in 
i " " i x~ \ x~ with a C_ maxx~.  But then a C_ ai N aj = e. So a is in P(e) Cl x~, 

therefore a is in P(e) M x~ C_ x~, which is a contradiction. I 

Therefore PZ has no more than 8++-many antichains. By Lemma 2.3 there 

exists a ~-weakly closed Prikry type forcing poset Q2 which satisfies the direct 

extension property and is equivalent to ]PFz * PZ. 

This completes the definition of I?~ • IPF~ * I? ~. Let F = F~. We will now 

define a complete suborder PF * ]P~l of ]PF * P~ and prove that  this suborder 

forces that  N S  [ S(~, ~+) is ~+-saturated. 

In order to define ]P~, we need to consider a supercompact elementary 

embedding. Let j :  W --+ M be an elementary embedding with crit(j)  = ~, 

j (~)  > ~+3 and ~+aM C_ M. Then ~ is in j ( B ) ,  so write 

j(P~) = ~,~, ~ * ~ ' ~  

where ~ is equivalent to l?g * ]P~. Let G~ be generic for IP~ over W. In the 

model W[G~], let (3~i: i < ~++} be the sequence of names defined by 3~i = 3 ~ ,  

where f ( i )  = (ct, 8) in the definition of ~ .  So for all i < ~++, PF * IP~ forces 

that ~/ = IP2. 

First let us consider how to extend j by constructing a master condition for 

PF. Let GF * G ~ * Gtan be generic for PF * IP ~ * lPtail over W[G~]. Extend j to 

j: W[G,~] --+ M[G~ • GF * a ~ * a t a i l ] .  

Write M1 = M[G~ * GF * G ~ * a t a i l ] .  We define a master condition tF for GF 

and j .  Let 

tF = U j " G F  U {u • j (E ) :  ~ C_ u C_ j"~+}.  
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Since [J GF is a club subset of P~a + in M[Gc * GF], by the distributivity of ~ 

and the weak closure of IPtail, [J j "GF is a club subset of Pc ( j"a+)  in M1. So ty 
is closed under unions of increasing sequences. Also IR • j(Fc) does not destroy 

stationary subsets of a+, since R is a+-c.c, and j(F~) = F .+I  * Ftail, where F.+I  

is a+-c.c, and Ftail does not add subsets to a +. So by Proposition 7.2, j(F) is 

Jonsson for j " a +  in M1. But every member of tF n j (S(a ,  a+)) which is not 

in U j"GF must be unbounded in j " a  + and hence by the Jonsson property is 

equal to j " a  +. Therefore j(F) is Jonsson for a for every a in tF N j(S(a, ~+)). 
So tF is a master condition. 

Still working in M1, fix a regular 0 >> j (a)  and a well-ordering <e of H(0). As 

in Proposition 4.6, construct an increasing sequence {Ni: i < j ( a ) /o f  elementary 

substructures of H(0) in Pj(~)H(O) such that  for some function f :  j (a)  -+ j (n+)  

in V: 

(1) Ni AN(a) = (fi is in j(lim(C)), 

(2) Ni N j ( a  +) = f"Si, 
(3) (Nj: j ~_ i) is in Ni+l. 

Choose No to contains the sets j(P~), GF, G c, j(F), j (S) ,  j(E), tF, and 

(j()(i): i < a++). For each i < a ++ let G e be the generic filter for Q~ given 

by G ~. Now go back to W[G~ * GF] and identify the objects just defined with 

their P~ * ]Ptail-names. 

Working in W[G~ *GF] we define a complete suborder P~ of pc by inductively 

defining a < a-support forcing iteration 

• . a + + ) .  i < 

For each i, Ai+I is a F~ A£name for a subset of i + 1, and ~A~ is non-trivial iff i 

is in A~+~. If ~A, is non-trivial then ~A~ = P2," Let D ~A~ = P~A, N D e. Then 
D c is dense in P~ and there is a projection mapping Ai Ai 

D e --+ D~,. 

Since the posets are < a-distributive, the poset £x~ is the same in the generic 

extensions by IP~ and ~ At the same time we construct sequences Ai" 

and 

(s/~xi: i _~ g++) 

(qi: i ~_ ~++). 

Let D c = D~++ = [J{De: i < a++}. Our induction hypothesis is that  £"  forces: 
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(1) qi is in Ptail, and qj <_* qi for all i < j ,  

(2) ~tail forces that  8('±~ is in j ( ? F  * P ~ ) ,  ±i is in j ( D ~ ) ,  and 8j^±j <_ 8('±~ 
for i < j ,  

(3) Ptail forces that  (Sj~cj: j <_ i) is in Ni+l, 

(4) ~tail forces that  for all a in supp()~i), max(±/(a)) = Ni N j (n+) ,  and also 

max(Si) ---- Ni A j (a+) .  

Let Ao -- 0 and let qo, ±o be names for the maximum conditions in I~tail and 

j(IP~). Let 8o -- iF. Suppose that  i < t~ ++ and Ai, (8oA±j: j < i), and (qj: j _< i) 

are defined satisfying the induction hypotheses. Consider the name Xi. If this 

is not a 1?~ -name then let Ai+l = Ai and let qi+l = q~. Let ±~+l be a name for 

the condition with the same support as ±i such that  for all a in supp(±i), 

±i+l(a) = ±i(a) U {u • j ( g ) :  Ni+l Nj (a)  C u C Ni+l n j (a+)},  

and similarly define 8i+1. Since INi+l n j ( a+) l  = Ni+l Aj(a),  ±/+1 (a) is disjoint 

from j(Xa) .  Using the induction hypotheses it is easy to check that  8i+1^±i+1 

is a condition in j(I~F * F~+~) which refines 8('±i. 

Suppose that  Xi is a F~ -name. By the induction hypothesis i( '±i is in 

j(IPF * F ~ ) ,  so let 8~ * ±~ be a name for the <0-1east refinement of 80±i in 

• " D ~ "*~'* decides the statement j " a +  • j(]~F * IP~4,) such that  ±i is in j ( A i )  and s i xi 
j (Xi) .  Choose a name qi+l for a direct extension of qi such that  qi+l decides 

the statement 
8~ * ~ IF- j " a +  • j(2~). 

Let Ai+~ be a I?~ -name for the set which is equal to Ai unless 

F~/F~, It- 4i+~ It- 8~' It- 2~ It- j " a +  ~t j(-~i), 

in which case Ai+l = Ai t2 {i}. Now define a 1?~ * Ftai~-name ii+1 * ±i+~ as 

follows. If i is not in Ai+~ then define ±~+t as in the previous case, namely, as 

a name for the condition with the same support as ±i and for all a in supp(±i), 

±i+~(a) = ±i(a) ~ {u • j (E) :  Ni+t ~ j(t~) C u C N.x+I FI j(a+)};  

define 8i+~ similarly. If i is in Ai+I, then define 

ti = U j " G ~  t3 {u • j (E) :  ~ C u C j "a+} .  

Since s~" * x* forces that  j " a +  ¢ j(J2i) and j (F)  is Jonsson for j " n + ,  s~' * x~ 

forces that  ti is a condition in J(]?2~)" Let 8i+1 * xi+~ be obtained by taking the 

condition 8" * x~'ti and adding to each coordinate the elements of 

{u • j (E) :  Ni+l ~ j (a)  C u C N~+~ ~ j(a+)}.  
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Suppose that  5 < ~++ is a limit ordinal. Let A5 denote U{Ai: i < 5}. Since 

(qi: i < 5) is forced to be _<*-decreasing in the j(n)-weakly closed poset ]~tail, 
we can choose a name 05 for a condition in ~tail which directly refines each 0i. 

By the inductive requirements of ii~±i for i < 5, apply Lemma 4.5 to obtain 

i 5 ,  ±5 refining each ii * ±i. 

This completes the definition of ]?~. Let iF  = i~++, ± = 2~++ and 0 = 0~++. 

It is straightforward to check that  SF * ± is forced to be a master condition for 

GF * G~ and j .  Let D~ = D ~ N ~ .  Note that  D~ is a dense subset of IP~. 

Suppose that  G~ is generic for ~ over W[G~ * GEl. By the properties of ~ ,  

any set X C_ P~n+ in W[G~*GF*G~] is in W[G~*GF*G~,] for some i < n++. 

Using this fact it is straightforward to check that  if X is a subset of S(n, ~+) in 

W[G~ * GF * G~], then there is i such that  X = Xi, 3~i is a D~-name, and if X 

is non-stationary then we can choose such an i so that  X is non-stationary in 

W[a~ * GF * a~,]. 
LEMMA 7.7: The poser ~r  * ~ forces that N S  [ S(a, ~+) is g+-saturated. 

Proof: Let GF * GA be generic for ~F * ]P~ over W[G~]. For any ]P~-name .~', 

let ~(X) be the statement 

4 Ik i r  I~- ~ I~- j "~+  ~t j(J:). 

First we show that  for every set X C_ S(a, g+) 

N S  [ S(a, a+) iff there is a l?~-name J~" for X 

Suppose that  ]P~/]P~ forces (I)(3~). Fix p in G~ 

in W[G,~ , GF * GA], X is in 

such that  £~/IP~ forces (I)(X). 

such that  p • 1 forces (I)(X) in 
IF ~. Then we can choose ]~ such that  P~ forces (I)(])) and p * 1 forces 3~ = 12. 

Therefore } > is a name for X. Fix i such that  Xi is a D ~ A -name and Ik ]/~ = ~i- 

Then clearly i is in Ai+l and so Q~, = ]??. So ]P~ destroys X and X is 

non-stationary. The other direction is straightforward. 

If X is in (NS [ S(~, a+)) + then there is Px in IP~/IP~ such that  

Px Ik 0 Ik @ I[- ± It- jbc  + • j (X) .  

Suppose that  X N Y is disjoint from a club D. If r <_ Px, PY then 

r Ik 0 IF .~F I~- ± I~- j " a +  e j(X) n j(I;') N j (D)  

which is a contradiction. So Px and py are incompatible. Since P~/P~ is 

~+-c.c., N S  r S(t~, ~+) is ~+-saturated. | 
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